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PART A

Answer all of the following questions.

1. An LTI system has impulse responge| = 5(1/2)"u[n].
(@) Is the system stable in the bounded-input bounded-bsgmnse? Why?
(b) Is the system causal? Why?
(c) Use the discrete-time Fourier transform to find the ougithis systemy[n| when the
inputisz[n] = (1/3)"u[n].
(10 marks)

I nformation
The exam is closed-book.

There are two parts to this exam.

Part A hasseven questions totalling 70 marks. You must answer all of them.
Part B hastwo questions, each counting 15 marks. You must andetrof them.

A table of standard Fourier transform and z-transform pegiysears at the end of this

paper.
A formula sheet for the radar/sonar question appears atnihefehis paper.

You have 3 hours.

2. The continuous-time signalt) = sin(207t) + cos(407t) is sampled with a sampling
periodT’, with ¢t = nT', to obtain the discrete-time signal

ol = sin () + cos (?) .

(a) Sketch the spectruds (e’*) of z[n].
(b) Determine a value df consistent with this information.

(c) Is your choice of" in this last part unique? If so, explain why. If not, specifiother
choice ofT" consistent with the information given.

(10 marks)

3. You have a digital filter with zeros at= 1 andz = —1, with poles az = 0.9¢/"/2 and
z=0.9e797/2,
(&) Sketch the magnitude response(for w < 27.
(b) Find the gain of the system far= 7 /2.
(c) Is this filter lowpass, bandpass or highpass?

(d) Draw an implementation diagram for this filter using gedéements, multipliers, and
summers.

(10 marks)




4. Consider the system below, where! represents a delay of one sample:

@[] yln]

(a) Determine the system functidf(z) and show that the transfer function is
; 1—edw
H(e¥)= ————
() = {057
assuming it is stable. Justify all reasoning.
(b) Find the outpuy[n] when the input is

x[n] = 3cos (gn + g) .

(c) Find the outpuy[n] when the input isc[n] = 2u[n].
(10 marks)

5. When the input to an LTI systemisn| = 5u[n], the output is
yln] = (2(1/2)" + 3(=3/4)")un].
(a) Show that the system function can be written as

1—271

@) = a3 mnarse )

(b) Plot the poles and zeros of the system, and indicate th@. RO
(c) Determine the impulse responige] of the system for alh.
(d) Write a difference equation that characterises theesyst
(10 marks)

6. Computationally efficient algorithms for computing thE Dnormally exploit the
following two properties:

(Periodicity): WEN = wk

(Symmetry):  WETN/2 = _yyk

whereWy = e=927/N
(a) What does W represent in this context, and how does tertdethe DFT?
(b) Prove that the two properties above are true.

(c) Suppose we take the 4-point FFTs of the signals belowtiphuthem in frequency, and

take the inverse FFT of the result:
2

@1[n] @a[n]

n 0 l 3 n

Sketch the final output over the rangé < n < 5.
(10 marks)

7. Consider an input signaln] with magnitude spectrum shown below:

1
[X(e7)]

T T
—T 2

T w
™

el

Draw a block diagram of a multirate signal processing systentaining multirate
processing and a single filtéf (z) to reduce the sampling rate ofn] by a factor of
M = 1.5. Sketch the magnitude spectra of all intermediate sigmalgtze output signal.

(10 marks)




PART B

Answerboth of the following two questions. Each question counts 15 mark

1. Image processing and computer vision

(a) The(NNy, N3)-point circular convolution betweem, (n1,n2) andzs(ny, n2) is defined

as
Ni—1Ny—1
y(ning) = Y > @ik, ka)os(((m = k1)) wy, (02 = k2))w,)
k1=0 k2=0
where((k)) y representd moduloN. Findy(n1, n2) for the two signals below, where
Ny =Ny =4:
ng n2
‘ ‘ z1(n1,n2) ‘ ‘ z2(n1, n2)
N L , N L ,
! el | . |
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(5 marks)

(b) Suppose you need to detect the diagonal edges in the inedme, and wish to do it by
convolving with a particular kernel and thresholding theule

What kernel should you use? What is the difference betwezpukput from the top
diagonal edge (edge 1) and the output from the bottom (edgm@)what would you
do if you wanted to detect either (or both) of them? How cowise reduction be
incorporated into the detection process?

(5 marks)

(c) The two-dimensional DFT of a signa(ni, n2) is given by

Ni1—1Na—1
X (k1, ko) = Z Z x(ny, ng)e I m/N)kina—j(2m/Nokans
n1=0 ny=0
Suppose you wanted to find the 2D DFT of an image. Explain, thi¢haid of
mathematics, how you would use a 1D FFT routine to do this.
(5 marks)




2. Radar/sonar signal processing If the scene contains a single point scatterer at rageetres, with impulse response
¢(t) = a1(t — 2R/c), wherea, andc are positive constants, sketch the expected output of
An analytic signal model for a pulsed radar is shown below. the filter as a function of time (show both magnitude and phase

p(t)—»(? vrx () (4 marks)
Ubb(t) -+ hbb(t) —®4@7 ’URx(t)

Noise

(a) Draw a block diagram of a physical implementation of thidar showing an I/Q
up-converter, an I-Q down-converter, and appropriate ammto a digital signal
processing computer.

(2 marks)

(b) The transmitted waveform can be represented matheatigtic three ways: (i) a real RF
pulse, (ii) the analytic signal form, and (iii) the basebathdnalytic form. Define the
relationship between these three forms of signal, in batle tind frequency domains. Give
appropriate mathematical descriptions of the relatiqrsshi

(3 marks)

(c) For the case of a RF chirp pulsegp(t) = rect(L) cos (2 [f,t + $Kt?]) whereK, f,
andT are constants, sketch the magnitude and phase &btivéer Transform of (i) the RF
pulse, (i) its analytic form, and (iii) its basebanded form

(3 marks)

(d) What properties of the transmitted waveform determinné range resolution of a radar
and (ii) the signal-to-noise ratio?

(2 marks)

(e) State the name and give a mathematical expression fdiltéreéhat achieves maximum
peak signal to noise ratio if the received echo is from a sewatterer, and the system noise
is white noise.

(1 mark)

(f) Explain the operation of a “spectral reconstructiorefilt(inverse filter). What is it
designed to do, and what will its output be if applied to thedimnded analytic signal (for
an arbitrary scene in view of the radar)?



Fourier transform properties

Sequences|[n], y[n] TransformsX (e7*), Y (e7*) Property
azx[n] + by[n] aX(e?) + bY (e?) Linearity
z[n — ng) e IUnd X () Time shift
€0 z[n] X (ed(w=wo)y Frequency shift
z[—n] X(e %) Time reversal
nzn] %ﬁ:w) Frequency diff.
z[n] * y[n] X(e™7*)Y(e™7¥) Convolution
z[n)y[n) = [T X()Y (1 )do Modulation

Common Fourier transform pairs

Fourier transform

Sequence
6[n] 1
8[n — no] e~Iwno
1 (—oo <n < o0) S oo 2w (w + 27k)
a"u[n] (la] <1) e
uln] —1,e1—jw + 2 ohl oo WO (w + 27k)
n 1
(n+D)a"uln] (Ja| < 1) S T
e x(erey= {1 el
0 we < |w| <7
1 0<n<M il o
oln] = < ni m"[;xsx-;;))/2]€7JWM/z
0 otherwise
elwon Don oo 28 (w — wo + 2mk)

Common z-transform pairs

Sequence Transform ROC
é[n] 1 All z
u[n] 17i71 [z] > 1
—u[—n —1] 173,1 lz] <1
S§ln —m] z~™ All z except0 or co
a"uln] [z > |a]
—a"u[-n —1] |z| < |al
na™un] |z| > |a|
—na"u[-n — 1] |z| < |al
a” 0<n<N-1,
- = |z >0
0 otherwise
1—cos -1
cos(won)uln] 1-2 <:o:?:gu)}(z))jl+z*‘7 =] > 1
1—7cos(wg)z ! |z > r

" cos(won)u[n|

1—27cos(wg)z— L +r22—2




FORMULA SHEET V6 EEE4001F 2012
PLEASE REPORT ANY ERRORSTO A.J.W.
Fourier Relationships

z(t) < X(f)

z(t —t,) & X(f)e=i2m/fte

2(B)e T2t o X(f + f)

z*(t) < X*(-f)

BSa(npt) rect(%)

rect (L) < 7Sa(mfT)

5(t) < 1

For any ‘real’ signak(¢), X(—f) = X*(f)
Convolution z(t) ® h(t) < X(f)H(f)
Radar Equation

P = ng;;g whereA, 422

1Q Down-converter

I(t) = [22(t) cos(wot)|LpF

Q(t) = [—2z(t) sin(wot) | LrF

V() =1()+jQ(t) < V(f)=2X*(f+fo)
Matched Filter General

H(f) = g”(fg) — X*(f) (white noisg

|1zf‘,itp(1;kg\2 = 25 (white nois¢

ANALYTIC RADAR MODEL
Baseband Pulse p(t)

Transmitted vy x (t) = p(t)el2™fot
EXTENDED TARGET RESPONSE

[e%¢)

URx(t) = f‘r:—oo C(T)’UT)((I‘/ — T)dT = C(t) ® 'UTX(t)
1T o¢ gy 1B

Vex (f) = C(HVrx(f)

Baseband Signal

vpp(t) = [’L}Rx(t)eijQﬁf”t} ® o (t) 4 na ()

Ubb(t) = [C(t)eij%rf”t} ® p(t) ® hbb(t) + nbb(t)

Voo (f) = C(f + fo) P(f) Hen(f) + New(f)

After Deconvolution/Inverse Filter

V(f) = C(f + fo)rec($)

oft) = [Cl)e-s2n1] @ BaEn

(mBt)
wheré® G2 = Sa(nBt)

POINT TARGET RESPONSE

vrx(t) = ayurx (t — 1) wherer = 28
ay o \/ G457 (narrowband)

2R;

URx(t) = 211\;1 aiUTx(t — Ti) Whel’eTi =
Baseband

Ubb(t) = URX (t) e~ Iwot @ hbb(t) = Cp(t — 7’) e IweT @ hbb(t)

After deconvolution filtering

v(t) = a1 B Sa(n B[t — 7])e %7 foT

1 =arg {e‘jz’rf”} =arg {e‘j“R/)‘}
Resolution

Stsap ~ %52 GRsqp = “34B ~ £:(0.89)
Radar Filters

Ideal Spectral Reconstruction (deconvolution/inversigi-

HRe(f) = iy Over—5 < f < %
Matched Filter (MP)Hyg(f) = 45 ~ P*(f)
Doppler Shift fp = —24R/dt
MONOCHROME PUL SE

RF:vrp(t) = rect ( ) cos(2 fot)

Analytic: vrx (t) = rect (%) ed2mfot
Basebandu, () = rect (&)

Frequency Domam

Vrx(f) = Tisin;;{f(f;ff))

Vin(f) = TG0

LINEAR FM CHIRP

RF signalvgp(t) = rect (%) cos (27r fot + 1Kt2])
Analytic: vrx (t) = rect (%) ei2mlfot+ 3 Kt?)
Basebanduy, (t) = rect (%) e/273K1*
Sweeprange Af = KT [HZ]

I nstantaneous Frequency

RF: frr(t) = 5= L’RF Y= f,+ Kt [HZ|
Basebandj,(t) = Kt [Hz]

Dispersion factoD = Af T = KT?

Frequency Domain D > 50

Vio(f) = rect (Af> ﬁexp(fj%f%




