EEE4001F: Digital Signal Processing
Class Test 1

20 March 2013

SOLUTIONS

Name:

Student number:

| nformation
e The test is closed-book.
e This test hasour questions, totalling 20 marks.
e Answerall the questions.

e You have 45 minutes.




1. (5 marks) Given the sequence
z[n] = 20[n + 3] + (3 — n)(u[n] — uln — 3)),
sketch the following sequences (fert < n < 4):

(@) y1[n] = =[n]
(b) yoln] = z[2n — 3]
(©) ys[n] = z[|n[].

Plots as follows, easily found by just evaluating each difpraeachn:




2. (5 marks) A linear time-invariant system has an impulspoase given by
hin] = a="u[—n], 0 < a < 1, whereu[n] is the unit step sequence

1, n>0
0, n < 0.

Determine the response to the inplit] = u[n].

We want to find the output

o0

yln] = h[n]xzn] = > hlklan -k = Y o Fu[-kluln - k|

k=—oc0 k=—oc0

for each value ofi. Sinceu|—k] is zero fork > 1, and is otherwise 1, the sum can be
truncated and the expression written as

0

y[n] = Z a Fuln — k] = Z a™u[n + ml,

k=—o0

with m = —k. Two cases can now occur.if> 0 thenu[n + m] in the sum is always one

and
o0 . 1
y[n]_’rnz_:oa - l_a'

Alternatively, if n < 0 then the first nonzero term in the sum occurs whes —n so

o0
y[n] = Z am=a"+a " a2 4.

m=—n
=a"(l+a ' +a?+-)= o’
1—a
The response is therefore
a " n<0
ylnj =9 |
— n>0



3. (5 marks) Consider two discrete-time LTI systems whi@hdraracterized by their
impulse responsés, [n| = d[n] — d[n — 1] andhz[n] = u[n].
(a) Determine whether these two LTI systems are inverseaabf ether. Justify your answer.

(b) Determine whether these systems are stable, mema@yaled causal. Justify your answer.

(a) Suppose|n|is the input to the first system. The output is them| = h;[n] * 2[n]. If this
signal is put into the second system the output is
z[n] = ha[n] * y1[n] = ha[n] * hq[n] * z[n]. However,

hi[n] * ha[n] = (0[n] — d[n — 1]) *x u[n] = d[n] *x u[n] — d[n — 1] * u[n]
= u[n] — u[n — 1] = d[n].

Thus we see that[n] = z[n]| and the systems are inverses of one another.

(b) The impulse responsg [n] = §[n] — d[n — 1] corresponds to a backward difference
system. It is causal because the output ahly depends on the input atandn — 1, none
of which are in the future Memory is required to store inputat 1. Since
oo |h[n]| = 2 < oo the system is stable. The impulse respaige] = u[n]

corresponds to an accumulator system and has the followmg-output relationship:

o0 n

yln] = Y alkluln—k = Y =[k]
k=—o00 k=—o00
Since the impulse response is right-sided the system isausl because the output at
timen depends on all inputs up tothe system requires memory. Furthermore, since the
unit step input yields an unbounded output the system istabtes(or alternatively, it is not
stable sinc& >~ |ho[n]| => 0" 41 — o0).

n=—oo



4. (5 marks) An LTI system is described by the input-outplétren
y[n] = z[n] + 2z[n — 1] + z[n — 2].
(a) Determine the impulse resporise)]

(b) Is this a stable system?
(c) Show that the frequency response of the system can bemvas

H (&%) = 2e77%(cos(w) + 1).

(d) Plot the magnitude and phasefdfe’>)

(e) Now consider a new system whose frequency resporfdg(is®) = H (e/(«w+7)),
Determineh, [n], the impulse response of the new system.

(@) The impulse response is the output when the inpulis= d[n|, so
hin] = d[n] + 26[n — 1] + d[n — 2].
(b) The system is stable because the impulse response isit@hssummable:

Y hn]=1+2+1=4<occ.

(c) The z-transform of the system is
H(z) =142z 422 =1+ H1+27Y
with ROC all z. Evaluating at = ¢’“ gives the Fourier transform:
H(e7¥) =14 2e79% 4 792 = 799(ed¥ 4 2 + e79¥) = 2¢77%(cos(w) + 1).
(d) The magnitude response| & (e’“)| = 2(cos(w) + 1) and the phase response is

/H(e’) = —w. Plot is a raised cosine with maximum value 4 for the mageitaiid a
linear function with slope -1 for the phase.

(e) If the Fourier transform of[n] is H (¢’*) then the frequency shift property is

ej“’onh[n]@ Z eIWon pple” I = Z hnle 7 (@W=woIn — p(gf(W=wo)),

n=—oo n=—oo

Takingwy, = —m gives

hi[n] = e 7™ h[n] = (=1)"h[n] = 6[n] — 26[n — 1] + 6[n — 2.



Fourier transform properties

Sequences|n], y[n] TransformsX (e?*), Y (e7%) Property
az[n] + by[n] aX(e7¥) + by (%) Linearity
z[n — ng) e Ivnd X (eI?) Time shift
e?“0m z[n) X (ef(@—wo0)) Frequency shift
z[—n] X (e7I%) Time reversal
nz[n] '%ij) Frequency diff.
z[n] * y[n] X(e i)y (e79¢) Convolution
Modulation

z[n]y[n] 5m

= [T XY (2@ D)do

Common Fourier transform pairs

Fourier transform

Sequence
d[n] 1
d[n — no] e~J@no
1 (—o0o<n<oo) >R oo 27 (w + 27k)
a™uln] (ja] <1) Taeie
uln] 71_5173-“, +>52  wo(w+ 27k)
n 1
(n+1)a™u[n] (la] <1) (—ae—To)2
sin(wen) X(ejw) _ 1 |w‘ < we
o 0 we < lw] <7
2[n] = 1 0< n.S M sin[:ijr(ll(\i—}-;))/Q]efjwM/z
0 otherwise
eJwon >R oo 27 (w — wo + 27k)

Common z-transform pairs

Sequence Transform ROC
é[n] 1 Al z

uln] e 2 > 1
—u[—n — 1] Fp— |z] <1

8[n — m] z=™ All z except0 or co
a™u[n] . — 2| > al
—a"u[—n — 1] e || < lal
nauln] ﬁ |z] > |a]
—na™u[—n — 1] ﬁ |z| < |al

a™ 0<n<N-1, __N_—N

{O oth_erwis_e 1 e =1 >0
cos(won)u[n] 1721C;:?j;“;2)_21_:z_2 |z] > 1
1—rcos(wg)z™ 2] > r

r™ cos(won)uln]

1—2rcos(w0)271+r2272




