EEE4001F: Digital Signal Processing

Class Test 2
20 April 2012
SOLUTIONS
Name:
Student number:
| nformation

e The testis closed-book.
e This test hagour questions, totalling 20 marks.
e Answerall the questions.

e You have 45 minutes.




1. (5 marks) An analog signail, (¢) is known to have no frequency content higher than 1000
Hz. We samplex,(t) at I, = 3000 Hz, and the resulting magnitude spectrum, plotted

versus discrete frequency is
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(a) Sketch the magnitude spectrum (versus discrete fregu@rthat would have resulted

had we sampled dt;, = 5000 Hz.

(b) What is highest frequency (in Hz) presentrif(t)?
(c) What is the lowest sampling frequency that can be usdtbwitany aliasing?

(a) Using the information given we can find the original coaotius time signal to have the
magnitude spectrunX, (j2) below, and the corresponding resampled signal has

magnitude spectrunX’(e’«):
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(b) From the previous solution (or otherwise) the highesfifiency present is 750 Hz.
(c) We need to sample with; > 2(750) = 1500 Hz.



2. (5 marks) Consider the system below, wheré represents a unit sample delay:

x[n] y[n]

(&) Show that the transfer function is
H(z)=1-2z"1 4272

and determine the impulse response.

(b) Sketch the magnitude response and phase response difgth&Which frequencies are
completely blocked?

(@) Inthe time domain the system obeys the recursion
y[n] = z[n] — 2z[n — 1] + z[n — 2].
Taking the z-transform giveg(z) = X (2)[1 — 2271 + 272], so

Y(z2)

=1-2"14272
X(z) z ~+z

H(z) =

Since this is an all-zero filter the ROC is the entire z-plama the filter is stable and
causal. The impulse response is the invetge} = §[n] — 26[n — 1] + o[n — 2].
(b) Since
H(z) = (z — 1;22 -1)
the system has two zerosat= 1 and two poles at the origin. Using graphical methods it is
easy to see that the magnitude and phase response of tha systefollows:
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DC is the only frequency that is completely blocked.



3. (5 marks) A linear time invariant system has system fomcti
H(z)=1-22"1 4272
Determine the outpuj[n| when the input is

x[n] = 3 cos <gn + %) .

Write your answer agjn] = A cos(Bn + C) for appropriate values od, B, andC'.

Since

x[n] = 3/261(7r/3n+7r/6) + 3/26—j(w/3n+w/6) - 3/26j7r/6ej7r/3n + 3/28—j7r/68—j7r/3n
the output is
yln] = 3/2)"/OH (IT/3) eI/ 4 3 )27 IT /O H (7 T/ /3
= 3/2H(ej7r/3)ej(7r/3n+7r/6) + 3/2H(e—j7r/3)e—j(ﬂ/3n—|—7r/6)'
SinceH (e77/3) = 1e727/3 and H (e ~77/3) = 1e~727/3 the output can be written as
y[n] = 3/2e727/3¢i(m/3n+7/6) | 3 /9e=i2m/3o=i(m/3n47/6) — 3 cos(1/3n + 57/6).

ThusA =3, B =7/3,andC = 57/6.



4. (5 marks) The DFT operation can be expressed in the faligwiatrix form:
X = DNX,

whereX andx are N-dimensional vectors anD y is called the DFT matrix.
(&) Write down in full the matriXD, in terms of the quantityV, = eI,

(b) Suppose a programming language has a funétidnsuch thatX = f f t (x). Explain how
you could use this function to construct the maifx;.

(&) Since
X[k =" aln)e 7T =" afn]Win
we can write

X[k] = z[0] + 2[1)WF + z[2]W2F + z[3)W3*
= z[0] + Wra[1] + Wka[2] + W2ka[3].

Thus we can write

X 0] 11 1 1 (0]
X1 1 Wy Wi owj 1
X — 1] _ 4 i 4 z[1] — Dux.
X[2] 1 w2 wi wi| | =2
X13] 1w wi wp/) \z[3]

The factors¥f in the above matridD, can always be written in an equivalent form with
k € {0,1,2, 3}, although that does somewhat obscure the structure.

(b) If we form theN-dimensionalth unit vectore; (all elements zero except fora 1 in
positions), thenf f t (&;) will give the ith column ofD . Thus we can construct all & »
by calling thef f t function N times with each of the unit vectors.



Fourier transform properties

Sequences|n], y[n] TransformsX (e?*), Y (e7%) Property
az[n] + by[n] aX(e7¥) + by (%) Linearity
z[n — ng) e Ivnd X (eI?) Time shift
e?“0m z[n) X (ef(@—wo0)) Frequency shift
z[—n] X (e7I%) Time reversal
nz[n] '%ij) Frequency diff.
z[n] * y[n] X(e i)y (e79¢) Convolution
Modulation

z[n]y[n] 5m

= [T XY (2@ D)do

Common Fourier transform pairs

Fourier transform

Sequence
d[n] 1
d[n — no] e~Jwno
1 (—oo<n<oo) >R oo 27 (w + 27k)
a™uln] (ja] <1) Taeie
uln] 71_5173-“, +>52  mo(w+ 27k)
n 1
(n+1)a"u[n] (la] <1) (—ae—To)2
sin(wen) X(ejw) _ 1 |w‘ < we
o 0 we < |lw] <7
2[n] = 1 0< n.S M sin[:ijr(ll(\i—}-;))/Q]efjwM/z
0 otherwise
eJwon >R oo 27 (w — wo + 27k)

Common z-transform pairs

Sequence Transform ROC
é[n] 1 Al z

uln] e 2 > 1
—u[—n — 1] Fp— |z] <1

8[n — m] z=™ All z except0 or co
a™u[n] . — 2| > al
—a"u[—n — 1] e || < lal
nauln] ﬁ |z] > |a]
—na™u[—n — 1] ﬁ |z| < |al

a™ 0<n<N-1, __N_—N

{O oth_erwis_e 1 e =1 >0
cos(won)u[n] 1721C;:?j;“;2)_21_:z_2 |z] > 1
1—rcos(wg)z™ 2] > r

r™ cos(won)uln]

1—2rcos(w0)271+r2272




