EEE4001F: Digital Signal Processing
Class Test 1

17 March 2011

SOLUTIONS

Name:

Student number:

I nfor mation
e The testis closed-book.
e This test hasour questions, totalling 20 marks.
e Answerall the questions.

e You have 45 minutes.




. (5 marks) Ifx[n] is the signal below

@) y1[n] = z[2n — 2]

(b) y2[n] = z[-n —1]

(©) ysln] = z[n] * 6[n — 1]

(d) ya[n] = z[n — 1] xu[n —1]
(€) ys[n] = z[n] — z[n — 1]
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2. (5 marks) Consider the system below

whereh[n] = §[n] — 20[n — 1] — d[n — 2].
(@) FindH (e’*), the Fourier transform df[n].
(b) Find and plot the effective impulse resporsgg[n] linking the inputz[n] and the output

y[n].
(c) Give an expression for the effective system transfection Heg(e/*) in terms of H (e7¢).

(@) The effective impulse responséiist[n| = hin| * h|—n], shown below:
(
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hett[n]
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(b) The Fourier transform is
H(e?¥) = Z h[n]e 7" = Z (8[n] — 26[n — 1] — §[n — 2])e 7«

=127 — 72,
(c) The effective Fourier transform is
Heft(¢’*) = F{h[n)} F{h[-n]} = H(e/*)H (e77).

Interestingly, but not required for the answer, one can sthavthis evaluates to a

real-valued transform
Hegr(e7%) = 6 — 2 cos(2w)

for the givenh[n]. The overall filter is therefore zero phase. In generalif] is real then
H(e %) = H*(e’¥), and

Heif(e?*) = H(e?*)H*(e/¥) = |H (e/*)|?

will have a zero phase response — which is a special caseeairlphase.



3. (5 marks) Suppose we have the following cascade of ad-fitdrs:

z[n] , ) y[n]
= Hi(e7Y) = Ha(e’*)
where
) 1 : 1
Hi(e%) = ———— and Hy(e?¥) = ————.
1(6 ) 1— %6_3‘” 2(6 ) 1— %6_3‘”

(@) Findh[n] such that the input|n] and outputy[n] satisfy the relationship
(b) Findg[n] such thate[n] = g[n] * y[n].

(@) The given relationship in the frequency domaii'is’«) = H(e’*) X (e/). Since
Y (/%) = Hi(e?*)Hy(e?¥) X (e/*) we must have
1

(1—de79)(1 = deiv)

H(ej“’) = Hl(ejw)Hg(ejw) =
3 2

1 __, 1T __ i’
_ 1 Jw I Jw
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and the inverse Fourier transform is the required impulsparse

B = 3 (%)nu[n] 9 G)nu[n].

(b) The given relationship in the frequency domaiXiée’~) = H(e’“)Y (e?*). Since
Y (/%) = Hy(e?*)Hy (/%) X (/%) we must therefore have

G(e) = Hl(ejw)lHQ(ejw) - <1 B %e_jw> <1 - %e—j‘“>

=1 §€—jw + le—ﬂgw‘

6 6
The Fourier inverse is the quantity required in the time dioma

o] = 8[n] — gé[n 1+ %5[7@ _ 9.




4. (5 marks) Consider the minimum-phase system with tramgfetion

1-(1/2)2"

=T —ame

where the region of convergenceli$ > .
(a) Find a difference equation linking the inptii] and the outpug[n).
(b) Find the impulse response of the system.

(c) Find the transfer function of a causal and stable syshatis the inverse off (z), and
sketch the poles, zeros, and region of convergence of thesga system in the z-plane.
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(a) SinceY (z) = H(z)X(z) we haveY (2)(1 — %
the difference equation

1 1

yln] — gy[n —1] = z[n] - im[n —1].

(b) The impulse response is the inverse transforfi 6f). Since

the inverse for the given ROC ign] = ()" u[n] — % ()" u[n — 1],

(c) The transfer function of the inverse system is

1 1—41x-1
G(z) = = 5—__.
(2) H(z) 1—3z71

The two possible ROCs afe| < 1/2 and|z| > 1/2. For causal and stable the second is
appropriatejz| > 1/2. This system has a zeroat= 1/3 and a pole at = 1/2, and the

sketch follows.



Fourier transform properties

Sequences|n], y[n] TransformsX (e?*), Y (e?%) Property
az[n] + by[n] aX(e¥) 4+ by (e9*) Linearity
z[n — ng) e"Iwnd X (ed*) Time shift
€70 z[n) X (ef(w—wo0)) Frequency shift
z[—n] X (e %) Time reversal
nx[n] ‘%‘ejw) Frequency diff.
x[n] * y[n] X(e7I)Y (e79%) Convolution
z[n]y[n] = [T X(2)Y (2@ ~D)do Modulation

Common Fourier transform pairs

Fourier transform

Sequence
d[n] 1
d[n — no] e~Iwno
1 (—o0o < n < o0) D e oo 2O (w + 27E)
a"uln] (lal < 1) Taemw
u[n] ﬁ + 02 mo(w + 27k)
(n+ Da™uln] (lal < 1) e
Sin(u;{;n) X(ej“’) _ {1 |w| < we
B 0 we < |w| <7
2[n] = {1 0< n.S M sin[:_i;r(ll(\ilu—}-zl))/2]e—jwM/2
0 otherwise
ewon D e oo 2 (w — wo + 27k)

Common z-transform pairs

Sequence Transform ROC
oln] 1 All 2

el — 21> 1
—u[—n — 1] 1_i71 2] < 1

S[n —m] z7 All z except0 or co
a™uln] 1_a1271 2] > |af
—aul—n —1] lfalz_l |2 < lal
na”uln] (17,1:;_11)2 2] > lal
—na"u[—n — 1] (17a:z_—1)2 12| < |al

a” 0<n<N-1 N N

{0 oth_erwis_e 7 g |z| >0
cos(won)u[n] 1721;;2)5;“;2)—21_:‘2_2 2] > 1
1—7cos(wg)z™ 2l >

r™ cos(won)uln]

1—2rcos(w0)z71+r2z72




