EEE4001F: Digital Signal Processing 1. (5 marks) Findo[n] = x[n] * y[n] with
ClaSS TeSt 1 x[n] =u[-n] and y[n] = 1.8"u[-n].
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There are many ways to do this: graphically, multiplyinghe z-transform domain and
inverting, or algebraically. This solution takes the latipproach.

SOL UT | ONS These signals are both left-sided, which can be confusiogueder, if we define
time-reversed signals

wolnl = wlnl,  x Ml =x[-nl.  ylnl = yl-nl,

it is quite easy to see that[n] = x[n] * y[n] implies thatw, [n] = x,[n] * y-[n]:

Name: ) )
weln) = win) = Y xlklyln—kl = Y xl-mlylon +m]
Student number: k=—o00 m=-00
= 3 xeml=—m)l= > xmlyeln —m] = x,[n] % y,[nl.
| nformation Now we convolvex, [n] = u[n] andy,[n] = (1.8)"u[n] = (1/1.8)"u[n] = auln] (with

la] =11/1.8] < 1).
Forn < 0 there is no overlap of,[m] andy,[n —m], sow,[n] = 0. Forn > 0,

e The testis closed-book.

e This test hagour questions, totalling 20 marks.

00 o) n (n+1)—1
e Answerall the questions. weln] = Y uln—kld®ulk] = Y ulp —kla* =) a* = " dF
‘ k=—00 k=0 k=0 k=0
e You have 45 minutes. - a1
T 1-a
Thus
) = welon = | "
w(n| = w,[—n] = n
' AR n<0.



2. (5 marks) Consider the discrete-time linear time-iraatrsystem described by the
following impulse response:

hln]) = 2= (02" Vuln].

whereu[n] denotes the unit step function.
(a) Is the system stable? Why?

(b) Find the system functiof (z) and determine a linear constant coefficient difference
equation that describes the system.

(@) Asn — oo, h[n] — 2. Since the system with the unit step as the impulse respemss# i
stable, it is reasonable to suppose that the system giverisalso unstable.

(b) Since

h[n] = 2uln] — (0.2)" uln] = 2u[n] — (0.2)71(0.2)"u[n] = 2u[n] — 5(0.2)"u[n],

we have
2 5 2(1—-02z"H) =51 -z
e ) _20-02:7) = 5(1 -7
1—z71 1-02z71 (1—-z71)(1-0.2z71
2—-04z71—545;71 —3+4.6z71

1-02z71—2z71402z72 1-1.2z"1402z72

The region of convergence jis| > 1. SinceY(z) = H(z)X(z) we can multiply out and
invert to give

y[n] —1.2y[n — 1] + 0.2y[n — 2] = —3x[n] + 4.6x[n — 1],

which can also be used to implement the system given thesgghdf initial conditions.

3. (5 marks) Consider a discrete-time LTI system with impuksponse

h[n] = j"uln].

(@) Is the system BIBO stable? Substantiate.

(b) Find the system functioi (z) of this system and draw the pole-zero diagram. Note the
z-transform property which states tharclﬁ]<i>X (z) with ROC Ry, then
27 x[n]<2> X (z/ z9) with ROC |zo| Ry

(c) Write a difference equation for the LTI system having &beve impulse response.

(@) Sincej = ¢/™/2, the absolute sum of impulse response is
o0 [o.¢] . o0 . o0
S= 3 Ikl = Y ™) muln] =Y 2= 31
n=—oo n=—00 n=0 n=0
This sum is not finite, so the system is not BIBO stable.
(b) Using the given property withy = ¢/7/2 on the pairu[n]é# for |z| > 1 gives

1 1 z

1—el5z1 - l—jz7 ! z—j

P zZ
j"uln] = e/ 2"uln]<—

for ROC|z| > 1, so there is a pole at= j and a a zero at the origin.
(c) Since
we haveX(z) = Y(z)(1 — jz~1). Inverting the transform gives the required difference
equationx[n] = y[n] — jy[n —1].



4. (5 marks) LetX(e/?) denote the DTFT of the sequence
x[n] = 28[n + 2] + 36[n + 1] — 8[n] — 468[n — 2] + 35[n — 3].
Evaluate the following without computing the transfornelts
(@ X(e’).
(b) X(e™).
(©) /7 1X(e’®)[>dw (bonus question).

(@) SinceX(e/®) = Y22 __ x[n]e=/*", we have

[e.] (o9

X% = ) x[nle/" = > x[n)=3-4-1+3+2=3
(b) Similarly
Xy = > xle™ = Y x[pnl(-1)"=-3-4-1-3+2=-9

(c) If v[n] = x[n]x[n], then the modulation property states that

. 1 T . .
V(el?) = oo / X’ X(e/ @ D)q0,
/g

-

SO

V(%) = %/ XX (e 7%)do = zi/ X X*(e%)do = Zi[ |X(e%)2d0
— b — A

But as seen before

V(e = > vl= > x[alx[n] =9+16+1+9+4 =39

n=—00o n=-—00o

so /" |X(e/®)[Pdw = 39(2n).

Fourier transform properties

Sequences(n], y[n] TransformsX(e/®), Y (e/®) Property
ax[n] + by[n] aX(e’®) + bY(e/?) Linearity
x[n —ngq] e~/ X (e/®) Time shift
e/®0" x[n] X(e/(@—20)) Frequency shift
x[-n] X(e /) Time reversal
nx[n] j %{ja}’ Frequency diff.
x[n] * y[n] X(e /)Y (e /®) Convolution
x[n]y[n] S [T X(e/9)Y (e/ D) db Modulation

Common Fourier transform pairs

Sequence Fourier transform
§[n] 1
8[n —nol e—Jwng

1 (—oo<n < o0)
a"uln] (la] <1)
u[n]
(n+Da"uln] (lal <1)

sin(wen)
n

0<n<M
x[n] = )
0 otherwise
eJwon

e oo 278 (0 + 27k)
1

l—ae—/®
1 o)
Te—To + Y he oo T8 (w + 27k)
1
(1—ae—/®)2
. 1 |lw| < we
X(e/®) = ¢
0 we <|w|<m

sm[w(M+l)/2]e—jwM/2
sin(w /2)

YR oo 278(0 — wo + 27k)

Common z-transform pairs

Sequence Transform ROC
§[n] 1 Al z
uln] — |z| > 1
—u[—n—1] 1_;_1 Izl <1
§[n —m] z—m All z except0 or co
auln] Th—" |z > la]
—a"u[-n—1] l—alz_] |z| < |a|
na"un] (1,;;—11)2 |z| > |a|
—na"u[—n—1] 7“_”;_111)2 |z] < lal
a” 0<n<N-1 _
0 olfTerwge ) l—li/(:/; lN lz| >0
cos(won)uln] ﬁ’% |z| > 1
r" codwon)uln) 1=r coswg)="! lz| > r

1—-2r cosw)z— 1 +r2z72




