EEE401F: Digital Signal Processing
Class Test 1

18 March 2004

SOLUTIONS

Name:

Student number:

I nfor mation
e The testis closed-book.
e This test hadive questions, totalling 25 marks.
e Answerall the questions.

e You have 45 minutes.




1. (5 marks) Find and sketch the unit step response of thethTisprocessor defined by
the following recurrence formula:

y[n] = —0.5y[n — 1] + x[n]

Is the resulting sequence stable?

With input x[n] = u[n], we must have[—1] = y[-2] = --- = 0 since the system is
causal. Thus
y[n] = =0.5y[n — 1] + u[n]

yields
y[0] = u[0] = 1
y[1]=—%+§:%
=g +5=1
y[4]=—§+§:§
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15 - ' '
o 4
gof LTI
-05 - s 10 15
15 - “ '

0.5

y[n]
(@] -
T T

®

®

®

®
—]
_.
——o0
—o
—e
—o
—e
—o0
——o
—e
——o
—e
——o
——o
—e

la 1

-0.5 : : :




2. (5 marks) Find the impulse response of an overall systemed by cascading two LTI
processors with the impulse responses:

1
= O<n<4
hi[n] = {" ( _ )
0 otherwise
and
(0<n<4)
ha[n] = ,
otherwise.
The signals are
. hiln] , o ha[n]
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3
1 2
1 {
I ]
0 n 0 n
312
1/2 212
— 112 [
I |
0 n 0 n
13 — 13 2/3 38
! s !
0 n 0 n
= 133
5/2 13/6 h[n]
1 1
! I !




3. (5 marks) Find a nonrecursive recurrence formula whicdmfthe DSP point of view, is
equivalent to the following recursive formula for a causiafi

yln] = y[n = 1] 4 x[n] = x[n =7].

What is the relative computational economy of the recuraive nonrecirsive versions?

Taking the z-transform of[n] = y[n — 1] + x[n] — x[n — 7] we get
Y()(1-z7h) = X()(1 -z7),

SO
Y@ @ —z77) B (z7=1) B 1 z77

T Xz (-zY)  %(z—-1) (-z1) (1-z1)

The system has 6 polesat= 0, and 1 pole at — 1. Since it is causal, thr ROC must be

outside the outermost polez| > 1. Inverting the partial fraction expansion above under
this condition yieldsi[n] = u[n] — u[n — 7]. This is the nonrecursive specification of the
filter.

H(z)

The nonrecursive form for the filter requires 6 additionsq&put sample (since the
seven multiplications are by unity). The recursive formuiegs 2 additions.



4. (5 marks) A signal has the z-transform
1
z(z—=1Q2z-1)

with region of convergenci| > 1. Draw a pole-zero plot of the signal in the z-plane, and
use the method of partial fractions to recover the sigtl. Is the signal stable? Is the
signal causal?

X(z) =

In the z-plane the signal is
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Therefore the signal is causal (ROC outside outermost polienot stable (ROC does not
contain the unit circle).
The z-transform can be written as

1_-3
B 5Z B 12_3 a b
Hz) = (1—zhH -1 " 2 [(1 = - %Z‘l)]

where it is easily shown that= 2 andb = —1. The term in square brackets inverts quite
simply to

x1[n] = 2u[n] — (%) uln],
and the inverse is this quantity delayed by 3 samples anddbgil /2:
xln] = 5 uln — 3]~ (1/2)"uln ~ 3)
=uln —3] — (1/2)"2uln - 3.



5. (5 marks) Consider the system below:

Xe[n] Xi[n]
LPF
— 'L — Gain=L — I M | —>
x[n] cutoff Xqln]
Sampling TIL TIL TMIL
period:

where the cutoff of the LPF is at min/L, 7/ M). The Fourier transform of the input
signalx[n] is

X(e/®)

-7 —wo ' wo T

For M = 5andL = 3, draw the transforms of the signals at each stage, and gbeif
maximum value ofy, such that; (e/) = a X (e/M*/L) for somea.

The signals are as follows:
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At the output of the lowpass filter, we have no loss of datan@tation) as long as

wo T
— < —.
3 5
This is the condition under whick; (e/¢) is just a stretched-out replica &f(e/®). The
maximum value oy, is therefore3/5.



