EEE4001F: Digital Signal Processing 1. (5 marks) Given the sequence
Class Test 1 z[n] = 26[n + 3] + (3 — n)(u[n] — u[n — 3]),

sketch the following sequences (fert < n < 4):

20 March 2013 (@) yi[n] = z[n]
(b) y2[n] = z[2n — 3]

SOL UTI ONS (€) y3[n] = x[|n]].

Plots as follows, easily found by just evaluating each difpraeachn:

3
T 2 I T 2 y1[n]
Name: e n
-4 -3 -2 -1 0 1 2 3 4 )
Student number: T 2 T 2 yan]
-4 -3 -2 -1 0 1 2 3 4 "
3
. 2 2 ysln.
I nformation '1 T ( T p1 st
-4 -3 -2 -1 0 1 2 3 4 "

e The testis closed-book.
e This test hagour questions, totalling 20 marks.
e Answerall the questions.

e You have 45 minutes.




2. (5 marks) A linear time-invariant system has an impulspoase given by

hln] = a="u[—n], 0 < a < 1, whereu[n] is the unit step sequence

1, n>0
uln] =
0, n < 0.

Determine the response to the inplit] = u[n].

We want to find the output

[e’9)

yln] = hn]xaln] = > hlklzln—k = > aFu[-kluln — k|

k=—o00 k=—o00
for each value ofi. Sinceu[—F] is zero fork > 1, and is otherwise 1, the sum can be
truncated and the expression written as

0

y[n] = Z a Fuln — k] = Z a™u[n +m,

k=—o00 m=0
with m = —k. Two cases can now occur.if> 0 thenu[n + m] in the sum is always one
and
. 1
_ mo_ .
ylnl=> a T a
m=0

Alternatively, ifn < 0 then the first nonzero term in the sum occurs whes:- —n so

oo
y[n} — Z am =q " + a—71,+1 +a—n+2 4.

m=-—n

=a"(l4+a ' +a?+--) =
The response is therefore

—n_1
a " n <0

1
—a n > 0.

y[n] =

3. (5 marks) Consider two discrete-time LTI systems whiehcraracterized by their
impulse responsés, [n] = 6[n] — §[n — 1] andha[n] = uln].

(@)
(b)

@)

(b)

Determine whether these two LTI systems are inverseaatf ether. Justify your answer.

Determine whether these systems are stable, memayaed causal. Justify your answer.

Suppose[n] is the input to the first system. The output is them] = k4 [n] * z[n]. If this
signal is put into the second system the output is
z[n] = ha[n] * y1[n] = ha[n] * hy[n] * z[n]. However,

hi[n] * ha[n] = (0[n] — 6[n — 1]) * u[n] = d[n] *x u[n] — d[n — 1] x u[n]
= uln] — u[n — 1] = d[n].

Thus we see thaf[n] = x[n] and the systems are inverses of one another.

The impulse responsgg [n] = §[n] — d[n — 1] corresponds to a backward difference
system. It is causal because the output ahly depends on the input atandn — 1, none
of which are in the future Memory is required to store inputat 1. Since

> o |hi[n]] = 2 < co the system is stable. The impulse respolsge] = u[n]

corresponds to an accumulator system and has the followmg-output relationship:

o] n

yinl = D7 alkluln — k= Y al
k=—o00 k=—00
Since the impulse response is right-sided the system isLausl because the output at
timen depends on all inputs up tothe system requires memory. Furthermore, since the
unit step input yields an unbounded output the system istabtes(or alternatively, it is not
stable sinc&_2 __ |ho[n]| = > 0r s 1 — 00).



4. (5 marks) An LTI system is described by the input-outplatien Fourier transform properties

y[n] = J‘[n] + 2;1:[71 B 1} * Z[n N 2]' Sequences|n|, y[n] TransformsX (e?*), Y(e-"”) Property
(a) Determine the impulse resporige] az[n] + by[n] aX(e’?) +bY (e7%) Linearity
) z[n — ng) e IUnd X (e??) Time shift
(b) Is this a stable system? ¢790m 5[] X (edw-w0) Frequency shift
(c) Show that the frequency response of the system can bterves x[—n] X(e™7%) Time reversal
" vy na(n) X Frequency diff.
H(6] ) =2e™’ (COS(UJ) + 1) z[n] * y[n] X(eTI€)Y (e79%) Convolution
i j [n]y[n] L [T X(e0)Y (1) do Modulation
(d) Plot the magnitude and phaseféfe’*) A ezt = =
i i — jw+m . .
(e) Now co.nS|der a new system whose frequency resporfgg(ig) = H(e/(@*m), Common Fourier transform pairs
Determineh, [n], the impulse response of the new system.
Sequence Fourier transform
é[n] 1
. . . . 8[n — ng) e~Iwno
(a) The impulse response is the output when the inpubis= d[n], so 1 (=00 < nu< o0) 2R - oo 2m0(w + 27k)
- _ _ a"u[n] (Ja] <1) ﬁ
h[n] = 8[n] + 26[n — 1] + [n — 2]. b PR,
(b) The system is stable because the impulse response ist@gsummable: (n+Dauln] (la] <1) e
) sinS:,;,C'n) X(e9¥) = {(1) Jw| < ‘wc‘ 3
we < |w| <
Z A} =1+2+1=4<oco 1 0<n<M sinfw(M+1)/2] —jwM/2
nETe #ln] = 0 otherwise Tem/n €
(c) The z-transform of the system is eiwon 32w (w — wo + 27k)
HZ) =1+22" 422 =0+2H1+27h .
_ Common z-transform pairs
with ROC allz. Evaluating at = ¢’* gives the Fourier transform:
) . . . ) . . Sequence Transform ROC
H(¥)=1+2e77% + eI = e 79! +2+ e 7)) =2e77¥(cos(w) + 1). 5n] 1 Al 2
. ) . u[n) —L |z| > 1
(d) The magnitude response|i&(e’“)| = 2(cos(w) + 1) and the phase response is —ufen— 1] ' Ij 2l < 1
/H(e’*) = —w. Plotis a raised cosine with maximum value 4 for the mageitaiid a Sin —m] l;m Al 2 excepto of oo
linear function with slope -1 for the phase. amuln] —L |2] > |a]
(e) If the Fourier transform dfi[n] is H (e7*) then the frequency shift property is —a"uf-n —1] et Izl <lal
. . na™uln] —(lf:z,l)g [z] > al
. . o T oo —na"ul-n — 1] _az" " |z| < |al
€70 hn] F, Z e ppleIvn = Z hln]e J(w—wo)n _ H(ef(“’ Wo))' nau (I—az—1)2
n=-—00 n=-—00 {g OthSn_SNiL 1:51\[72:11\’ [z] >0
otherwise az
Takingwy = — gives cos(won)uln] 7172‘;:(“;5;31{%72 2] > 1
1—rcos(wg)z— 2| > r

r™ cos(won)uln] 1—2rcos(wg)z— L+4r2z—2

hi[n] = ™9™ h[n] = (=1)"h[n] = 6[n] — 26[n — 1] + é[n — 2].




