EEE4001F: Digital Signal Processing

Class Test 2
22 April 2010
SOLUTIONS
Name:
Student number:
| nformation

e The testis closed-book.
e This test hasour questions, totalling 20 marks.
e Answerall the questions.

e You have 45 minutes.




1. (5 marks) Consider the system below

x(H) z[n] _ y[n]
—— CID > H(IY) ——
T

whereT = 0.001s and
1 lw| < 0.57

H(e%) =
0 otherwise

for —m < w < . Find the outpuy[n] if the input isz(t) = cos(4007t) + cos(6007t).

The discretised input is

2
#n] = 2(nT) = cos(g5g5mn) + cos({gggmn) = cos (?W”) +cos (?W”)
1 - 27 1 - 27 1 - 37 1 - 37
= 56‘7?” + 56_‘7?”56]%” + 56_33?”.

In the frequency domain this is
(m) ()

‘ (m) ()
i FE

—Tr ™

and the filter removes the two impulses at frequenecies 3=, and hence theos (3n)
term. The output is therefore just the remaining term

y[n] = cos (%rn) .



2. (5 marks) Consider the following discrete-time signadls| andy|n]:
z[n] = 0.2cos(0.2mn) and y[n] = 0.2sin(0.27n).

(@) Show that the 10-point DFT afin| is X [k] = 6|k — 1] + o[k — 9] over the range
k=0,...,9.

(b) Assuming that the 10-point DFT gfn] isY[k] = —j(d[k — 1] — 6]k — 9]), use the DFT to
determine alosed-form expression for the 10-point circular convolutiomgf] andy[n].

(&) The DFT is as follows:

9
2 - 270 02 - 270 - 270 - 270
Xk] = Z 0.2 cos (%n) e JT0kn = 2 Z(ejl_on + eI T eI 0k
n=0

2
n=0
1 9 .o n 1 9 ox n
2 () 3 ()
n=0 n=0
Over the rangé = 0, ..., 9 the first term equals zero except whee= 1, in which case it

equals 1. The second term is similar: oné ¥ 9 and zero otherwise. Thus
X[kl =6k — 1]+ d[k — 9.

(b) Ten-point circular convolution in time corresponds toltiplication in the 10-point DFT
domain. Thus we need to take the 10-point DFTs of the sigrmaltjply them, and find the
10-point inverse DFT of the result.

If w[n] is the 10-point circular convolution af[n] with y[n], then fork = 0, ...,9 we have
Wkl = X[k|Y[k] = —j(0[k — 1] — o[k — 9])(6[k — 1] + [k — 9])
= —j(3[k — 1] - 6[k — 9)).

We observe that in this ca$€[k] = Y'[k], so the convolution result must be
wln] = 0.2sin(0.27n).



3. (5 marks) A stable system is characterised by the follgWi@GCDE:

1
yln+2] —yln+1] + §y[n] = z[n +1].
(a) Draw a pole-zero plot of the system.

(b) Roughly sketch the magnitude response of the system.

(c) Assuming the system response represents a band-peasatfit frequency of /4

radians/sample, what is the centre frequency of the padsban analog signal is sampled
at 12kHz before filtering?

(a) Taking the z-transform of the LCCDE gives

1
22Y(2) — 2Y (2) + §Y(z) = 2X(2),
SO
Y (2) z
H = = .
(z) X(z) 22-z+1
There is one zero in the numeratorzat 0. The roots of the denominator occur at

z = 3 =+ 3j. The sketch follows.

(b) Using graphical methods the magnitude response candvendio be

2

(c) For a 12kHz sampling rate the Nyquist frequency is 6kHt @rresponds t@ = 7. The

discrete frequency = 7 /4 therefore relates t6/4 = 1.5kHz, and this is the center
frequency of the analog system.



4. (5 marks) A particular DSP system is sampled at 48kHz, aqdires a highpass filter
with a passband ripple of 0.1dB, a transition band of 200kplsand attenuation of
60dB, and a cutoff frequency of 1200Hz. Sketch the apprtgdasign constraints that
the filter must satisfy, specifying parameter values whem@priate. Your frequency axis
should be in units of radians per sample.

A prototype highpass filter is as follows:

|H ()]
A

o NN

1—d,

ds \/:

0 ws wp ™
-t -t
Stopband Transition Passband
band

For a sampling rate of 48kHz the highest frequency that caeesented is 24kHz, and
this corresponds to = 7 rad/sample.

The filter must attenuate frequencies of less than 1200Hz least 60dB. Thus we must

havew, = 575551200 = 7/20 rad/sample and, = —60dB. Similarly,

Wp = 57000 (1200 + 200) rad/sample and,, = 0.1dB.



Fourier transform properties

Sequences|n], y[n] TransformsX (e?*), Y (e?%) Property
az[n] + by[n] aX(e¥) 4+ by (e9*) Linearity
z[n — ng) e"Iwnd X (ed*) Time shift
€70 z[n) X (ef(w—wo0)) Frequency shift
z[—n] X (e %) Time reversal
nx[n] ‘%‘ejw) Frequency diff.
x[n] * y[n] X(e7I)Y (e79%) Convolution
z[n]y[n] = [T X(2)Y (2@ ~D)do Modulation

Common Fourier transform pairs

Fourier transform

Sequence
d[n] 1
d[n — no] e~Iwno
1 (—o0o < n < o0) D e oo 2O (w + 27E)
a"uln] (lal < 1) Taemw
u[n] ﬁ + 02 mo(w + 27k)
(n+ Da™uln] (lal < 1) e
Sin(u;{;n) X(ej“’) _ {1 |w| < we
B 0 we < |w| <7
2[n] = {1 0< n.S M sin[:_i;r(ll(\ilu—}-zl))/2]e—jwM/2
0 otherwise
ewon D e oo 2 (w — wo + 27k)

Common z-transform pairs

Sequence Transform ROC
oln] 1 All 2

el — 21> 1
—u[—n — 1] 1_i71 2] < 1

S[n —m] z7 All z except0 or co
a™uln] 1_a1271 2] > |af
—aul—n —1] lfalz_l |2 < lal
na”uln] (17,1:;_11)2 2] > lal
—na"u[—n — 1] (17a:z_—1)2 12| < |al

a” 0<n<N-1 N N

{0 oth_erwis_e 7 g |z| >0
cos(won)u[n] 1721;;2)5;“;2)—21_:‘2_2 2] > 1
1—7cos(wg)z™ 2l >

r™ cos(won)uln]

1—2rcos(w0)z71+r2z72




