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SOLUTIONS

Name:

Student number:

Information

� The test is closed-book.

� This test hasfour questions, totalling 20 marks.

� Answerall the questions.

� You have 45 minutes.



1. (5 marks) FindwŒn� D xŒn� � yŒn� with

xŒn� D .�1/n and yŒn� D sin.�n=3/

�n
:

We can think ofwŒn� as the output of a system with impulse responseyŒn� to the input

signalxŒn�. From the tables of Fourier transform pairs, the frequency response of the

system is

Y.ej!/ D

8

<

:

1 j!j � �=3

0 �=3 < j!j < �:

Sincex.t/ D .�1/n D ej�n is a complex exponential of frequency! D �, the output is

wŒn� D Y.ej� /ej�n D 0:

(Alternatively find and sketchX.ej!/ andY.ej!/, and show that the product

W.ej!/ D X.ej!/Y.ej!/ is zero.)



2. (5 marks) Consider the following discrete-time signal:

xŒn� D

8

<

:

sin.n�
4

/ whenn=2 is an integer

0 otherwise:

Calculate and sketch the 8-point DFT (magnitude and phase) of the first 8 samples ofxŒn�,
i.e. xŒ0�; xŒ1�; : : : ; xŒ7�. Show and motivate your calculations.

The only nonzero samples ofxŒn� over the range0 to 7 arexŒ2� D 1 andxŒ6� D �1. The
DFT is therefore

XŒk� D
7

X

nD0

xŒn�W kn
8 D

7
X

nD0

xŒn�e�j. 2�
8

/kn

D e�j. 2�
8 /2k � e�j. 2�

8 /6k D e�j. �
2 /k � ej. �

2 /k

D �2j

2j
.ej. �

2
/k � e�j. �

2
/k/ D �2j sin.�k=2/:

Therefore

XŒ0� D XŒ4� D 0 XŒ1� D XŒ5� D �2j D 2e�j�=2

XŒ2� D XŒ6� D 0 XŒ3� D XŒ7� D 2j D 2ej�=2:

Magnitude and phase plots are as follows:
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3. (5 marks) Consider the following LTI system:

xŒn� yŒn�

†

z�1

z�1

z�2

�0:81

�1
0:9

p
3

(a) Show that the system function is

H.z/ D .z � 1/.z C 1/

.z � 0:9ej�=6/.z � 0:9e�j�=6/
:

(b) Sketch the magnitude frequency responsejH.ej!/j over the range0 � ! � 2�. Indicate

calculated amplitudes at! D 0, ! D �
6

, and! D �.

The difference equation for the system is

yŒn� D 0:9
p

.3/yŒn � 1� � 0:81yŒn � 2� C xŒn� � xŒn � 2�:

By taking z-transforms, the system function is found to be

H.z/ D Y.z/

X.z/
D 1 � z�2

1 � 0:9
p

3z�1 C 0:81z�2
D z2 � 1

.z � 0:45.
p

3 C j //.z � 0:45.
p

3 � j //

D .z � 1/.z C 1/

.z � 0:45.2ej�=6//.z � 0:45.2e�j�=6//
D .z � 1/.z C 1/

.z � 0:9ej�=6/.z � 0:9e�j�=6/
:

which has zeros atz D ˙1 and poles atz D 0:9e˙j�=6. Graphical methods can be used to

find the magnitude response:
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Specifically,H.ej 0/ D H.ej� / D 0, andH.ej�=6/ � 10.



4. (5 marks) One of the simplest filters is a backward-difference system, where

yŒn� D xŒn� � xŒn � 1�:

Using sketches, notes, and equations, justify why this is a highpass filter.

The z-transform of the time-domain representation is
Y.z/ D X.z/ � z�1X.z/ D X.z/.1 � z�1/, so the system function is

H.z/ D Y.z/

X.z/
D 1 � z�1:

The frequency response is

H.ej!/ D H.z/jzDej! D 1 � e�j! ;

so the squared magnitude response is

jH.ej!/j2 D .1 � e�j!/.1 � ej!/ D 1 � ej! � e�j! C 1

D 2 � 2

2
.ej! C e�j!/ D 2 � 2 cos.!/:

Thus we have a highpass filter characteristic:
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Fourier transform properties

SequencesxŒn�, yŒn� TransformsX.ej!/, Y.ej!/ Property

axŒn� C byŒn� aX.ej! / C bY.ej!/ Linearity

xŒn � nd � e�j!nd X.ej! / Time shift

ej!0nxŒn� X.ej.!�!0// Frequency shift

xŒ�n� X.e�j!/ Time reversal

nxŒn� j dX.ej! /

d!
Frequency diff.

xŒn� � yŒn� X.e�j!/Y.e�j!/ Convolution

xŒn�yŒn� 1
2�

R �

�� X.ej� /Y.ej.!��//d� Modulation

Common Fourier transform pairs

Sequence Fourier transform

ıŒn� 1

ıŒn � n0� e�j!n0

1 .�1 < n < 1/
P1

kD�1 2�ı.! C 2�k/

anuŒn� .jaj < 1/ 1

1�ae�j!

uŒn� 1

1�e�j!
C

P1
kD�1 �ı.! C 2�k/

.n C 1/anuŒn� .jaj < 1/ 1

.1�ae�j! /2

sin.!cn/

�n
X.ej! / D

(

1 j!j < !c

0 !c < j!j � �

xŒn� D

(

1 0 � n � M

0 otherwise
sinŒ!.MC1/=2�

sin.!=2/
e�j!M=2

ej!0n
P1

kD�1 2�ı.! � !0 C 2�k/

Common z-transform pairs

Sequence Transform ROC

ıŒn� 1 All z

uŒn� 1

1�z�1 jzj > 1

�uŒ�n � 1� 1

1�z�1 jzj < 1

ıŒn � m� z�m All z except0 or 1

anuŒn� 1

1�az�1 jzj > jaj

�anuŒ�n � 1� 1

1�az�1 jzj < jaj

nanuŒn� az�1

.1�az�1/2 jzj > jaj

�nanuŒ�n � 1� az�1

.1�az�1/2 jzj < jaj
(

an 0 � n � N � 1;

0 otherwise
1�aN z�N

1�az�1 jzj > 0

cos.!0n/uŒn�
1�cos.!0/z�1

1�2 cos.!0/z�1Cz�2 jzj > 1

rn cos.!0n/uŒn�
1�r cos.!0/z�1

1�2r cos.!0/z�1Cr2z�2 jzj > r


