EEE4001F: Digital Signal Processing

Class Test 2
15 May 2006
SOLUTIONS
Name:
Student number:
| nformation

e The testis closed-book.
e This test hasour questions, totalling 20 marks.
e Answerall the questions.

e You have 45 minutes.




1. (5 marks) Consider the z-transform

(z2 402z +0.1)(z2 —z + 0.5)
(224032 —-0.18)(z2 -2z + 4)°

G(z) =

What are the possible regions of convergence for this toamst Discuss the type of
inverse z-transform (left-sided, right-sided, two-sidetdble, unstable, etc.) associated
with each of the ROCs. Itis not necessary to compute the @xaaise transform.

By factoring the denominator polynomial we see that the fmles are at
—0.6,0.3,1 = j+/3. Since|l & j+/3| = 2, there are four possible regions of
convergencelz| < 0.3,0.3 < |z| < 0.6,0.6 < |z| < 2, and|z| > 2. For each ROC the

inverse transforms have the following properties:

(&) z < 0.3: ROC inside innermost pole and does not include unit cisddeft-sided
unstable inverse.

(b) 0.3 < |z| < 0.6: ROC neither inside nor outside and does not include urgteiso
two-sided unstable inverse.

(c) 0.6 < |z| < 2: ROC neither inside nor outside but does include unit cjrate
two-sided stable inverse.

(d) |z| > 2: ROC outside outermost pole and does not include unit gisdeight-sided
unstable inverse.



2. (5 marks) Determine the z-transforms of the followingusstces and their respective
ROCs:

(@) x1[n] = " uln — 2]
(b) x2[n] = @™u[—n — 3].

(&) The z-transform is

o0 o0
Xi(z) = Zn = —oo®auln = 2Jz7" = Za”z_” = Z(az_l)”
n=2 n=2
o0

Z —l)n . —1)0 . (az—l)l — — 1 — - (1 + O{Z_l)

(694

as long agaz~!| < 1 (so the ROC igz| > |«|). This can be simplified to give the required

transform
azz—z

e =g

|z > |a.
(b) The z-transform is

Xi(2) = Zn = —oco®a"u[—n —3]z7" = Zm = —oco®a "u[m — 3]z™
= Z a "z" Z(a z) 1 + (@ l2) + (a_lz)z]
=3

_ ﬁ 1+ @ '2) + (@ 12)?]

with the ROC igz| < |«|). Simplify if required.



3. (5 marks) Suppos¥|[k] is the N-point DFT ofx[n]. If x[r] is real, what symmetry does
this imply on the elements of [k]? Recall that itz is a real number, them = a*.

Taking the conjugate of the DFT relation

N-1
X[k] = Z x[n]e_jzwﬂk”
n=0
and applyingc[n] = x*[n] we get
N— N—-1 , ,
X*k] = Z x*[n]e’ Rkn — Z x[n]e’ Wkl FNn

n=0 n=0
N-1

= 3" x[uled FW=Pn — x1n ],

3
Il
=

Thus the sequenck|k] is conjugate symmetric.



4. (5 marks) Determine an expression for the frequency resgpl (e/©) of a causal LTI
discrete-time system characterised by the input-outpaitioa

yln] = x[n] +ayln = R],  |af <1,

wherex|[n] is the input and (] the output to the system. How many peaks and dips of the
magnitude response occur in the rafge » < w, and what are their locations?

Taking the z-transform of the expression we arrive at théesysunction

. Y(2) . 1

H(z) = X(z) 1—az R

This has poles whenevér— az=R = 0, or whenz® = «. This is a polynomial of order
R, and hasR roots uniformly spaced around the circle in the z-plane wattiuse: !/ R —
thus the poles are at= «!/Re/@7/Bk for k = 0,1,...,R— 1.

Puttingz = /¢ and drawing the poles in the z-plane for some valueR ofe readily see
that the peaks in the transfer function will be at angles (2/R)k for integerk, and

that the dips will be halfway in between these. For examplkecase oR = 6 is shown
below:




