EEE2047S: Signals and Systems I
Class Test 2

10 October 2018

SOLUTIONS

Name:

Student number:

Information

The test is closed-book. You are welcome and encouraged to have some blank

sheets of paper to do roughwork on.

This test has four questions, totaling 20 marks.

There is an information sheet attached at the end of this paper.
Answer all the questions.

You have 45 minutes.

1. (5 marks) The signal

has a Fourier series representation

o0
x(t) = Z cpel Pt

k=—o00

where
1/2 k=0
Cr =

— Jk% otherwise.

Suppose X (w) is the Fourier transform of z(¢). Find and plot the magnitude
| X (w)| over the range —41 < w < 4.

Using the Fourier pair ej“’oiiﬁmi(w — wp) we find that

X(w) = Z cr2mé(w — k).
k=—oc0
Now |ck| = 1/(27k), so the required signal is a train of delta functions of
appropriate sizes:
(2m/2)
(€3]

[ (1/2)
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2. (5 marks) Use the ”Multiplication by power of ¢” property along with the Fourier

pair
—bt F 1
t) +— b>0
) = 0>0
to find the inverse transform of
1
(Jw+4)

Applying the property
F . d
te(t) <— j—X
#t) 5 jaXw)
to the given pair yields the new Fourier pair

_ 1
T (jw+b)?

_ . d . _ g _
te™tu(t) PEAN J%(]erb) b= () (jw+b)~2

Using linearity we therefore have z(t) = 10te ™% u(t).

3. (5 marks) Find the Fourier transform of the signal

#(t) = te 27D cos(4t)u(t).

The signal can be written as
x(t) = e*te™2u(t) cos(4t).
Start with
F 1
2+ jw’
Applying the "multiplication by power of t” property gives

1
(24 jw)?

e 2tu(t)

d
te2tu(t) <Isi (24 jw) L=
e “tu(t) =i (24 jw)

The modulation property applied to this gives
1 1 1 1
te~2tu(t) cos(4t) T + - .
(£) cos(41) 2124+ jw—4)? 2@2+jw+4))?

Finally linearity gives the required transform

&2 1 e? 1
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4. (5 marks) The signal x(t) = 5sin(10¢ + 7/4) is input to a LTI system with INFORMATION SHEET
frequency response H(w) = ﬁ The output signal can be written in the form

Fourier transform properties

y(t) = Ael0t 4 g —ilor,

Specify the value of A.

We can write the signal as
O i(10t4m/4) _ —j(10t+m/4) O im/a_jlot _ O _jn/4_—jlot
z(t) = — (e’ TR —eTd Y = — eI/l — — eI/ e
2j 2j
and the frequency response is
y(t) = 391”/411(10)@11“ - ie’j”/‘lH(—lO)e’jwt
27 ) ) 23 } ] '
_ ipjﬂ'/4 10 jlot O _jn/a 10 o710t
25 10 + 4(10) 25 10 + j(—10) ~
= Aedl0t 4 gxo—iloe
with
10

5 )
A= ™/t — 17678 = 1.7678¢7™/2,
2, 10+ 4(10) J ¢

Property Transform Pair/Property
Linearity az(t) + bv(t) <= aX(w) + bV (w)
Time shift z(t — ¢) <= X(w)e 7*¢

Time scaling

Time reversal

Multiplication by power of ¢
Frequency shift

Multiplication by cos(wot)
Differentiation in time domain
Integration

Convolution in time domain
Multiplication in time domain
Parseval’s theorem

Parseval’s theorem (special case)

Duality

z(at) <= 1X(2) a>0

w(—t) = X(-w) = X(@)

t"a(t) = " Ar X(w) n=1,2,...
z(t)e?*0! <= X(w — wp) wo real

x(t) cos(wot) <= [X(w+ wo) + X (w — wo)]
AT 2(t) <= (ju)"X(w) n=1,2,...
JE o z(NdX <= 5 X (w) +7X(0)8(w)
z(t) * v(t) <= X(w)V(w)

z(t)v(t) <= =X () * V(w)

22, z(tv(t)dt = 2 [°° X (@)V (w)dw
[, 22 (t)dt = 3£ [0 | X (w)|Pdw

X(t) <= 2nz(—w)

Common Fourier Transform Pairs

z(t) = 5= 2% X (w)e?“t dw

X(w) = 22, xz(t)e Iwtdt

1 (—oo <t < o0)
—0.5 4 u(t)

u(t)

5(t)

8(t—c)

e btu(t)

edwot

pr(t)

(172@)%(1&)

%sinc2 o
cos(wot + )
sin(wot + 6)

SO0t —nT)

276 (w)

o

7o (w) + ]Lw

1

e”7%¢ (¢ any real number)

ﬁ (b>0)

278 (w — wo) (wo any real number)

Tsinc 2

27pr(w)

%sinc2 (%)

27 (1 - 2‘:’ ) pr(w)

e 798 (w + wo) + 798(w — wo)]
Jmle™%8(w + wo) — €798 (w — wo)]

FERL 0w - k3F)

with p,(t) = u(t + 7/2) — u(t — 7/2) and sinc(A\) = sin(7w)/(7A).



Laplace transform properties

Property

Transform Pair/Property

Linearity

Time shift

Time scaling

Frequency differentiation
Frequency shift

Differentiation

Integration

Time convolution

Frequency convolution

ax(t) + bv(t) <= aX(s) + bV (s)
z(t — a)u(t — a) <= e~ **X(s)
z(at) <= 1X(£) a>0

tha(t) <= (-1)" X (s)
ez (t) <= X (s —a)

z'(t) < sX(s) —z(07)

2/ (t) <= s2X(s) — sz(07) — 2'(07)
(M (t) = s"X(s) —s" lz(07) — - -
fnt, z(A)dA <= 1 X(s)

Jt o zNdx <= 1X(s) + L [0 x(N)dx
z(t) * v(t) <= X(s)V(s)

z(t)v(t) <= #X(s) * V(s)

a>0

— z(nfl)([)*)

Initial value: f(0F) = limy_, o0 sF(s)

Final value: f(oo) = lim,_,¢ sF'(s) with all poles in left-hand plane

Common Unilateral Laplace Transform Pairs

z(t) = ﬁ jc‘j']f:: X (s)etds X(s) = [2 z(t)e *tdt
&(t) 1

u(t) H

tu(t) &

t"u(t) 37:11

Mu(t) L

teMu(t) ﬁ?

t"eMu(t) ﬁ

cos(bt)u(t) ﬁ

sin(bt)u(t) ?%2-

e~ cos(bt)u(t) Wrz)%

e sin(bt)u(t) m

re="" cos(bt + 0)u(t) <*°°=‘j;igizr+z;"+;g;si"9>
re” " cos(bt + 0)u(t) gf;ijjb + %i’”j;;b
re”t cos(bt + 0)u(t) %

2. 2_ — —
r= M?b:‘/c,azyg:tanlu
c—a AVe—a

2

Trigonometric identities

sin(—0) = — sin(f)
sin(260) = 2sin(6) cos(0)

sin(0y + 02) = sin(61) cos(2) + cos(6;) sin(02)

€% = cos(0) + jsin(0)

cos(—0) = cos(6)

tan(—0) = — tan(0)

sin?(6) 4 cos?(8) = 1
cos(26) = cos?() — sin?() = 2cos?(8) — 1 =1 — 2sin?()
cos(01 + 02) = cos(61) cos(02) — sin(0;) sin(02)



