EEE2035F: Signals and Systems I
Class Test 2

25 April 2016

SOLUTIONS

Name:

Student number:

Information
e The test is closed-book.
e This test has four questions, totalling 20 marks.
e Answer all the questions.

e You have 45 minutes.

1. (5 marks) Consider the signal
z(t) = sin (Sm‘ + g) .

(a) Show that the signal can be written as a complex exponential Fourier series

ZE(t)Z Z ckejk(STr)t

k=—oc0
with ¢; =¢*; = 2%.6]‘7(/ 3 and all other coefficients zero. Plot the magnitude and
phase of the coefficients ¢, as a function of k.

(b) The signal z(t) can also be expressed as a standard trigonometric Fourier series

oo
a(t) = ag+ Y _ ay cos(kwot + by).
k=1

Specify wgy and the coefficients aj and by.

(a) Using Euler’s expansion we get

{E(t) _ i'(ej(?mt-%—w/s _ e—j(37rt+7r/3)

2j

_%e—jw/?)e—jfiwt + %e,jw/Se,j&rt.
J

By inspection in the complex exponential Fourier series representation we
therefore have wy = 37 and ¢* | =¢; = Qijej”/ 3, with all other coefficients cj,
zero. Since j = e/™/? this gives
1 . » 1 .
= ZeIm/3e=im[2 — Z =iT/6
2 2

and the magnitude and phase plots are as follows:
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(b) The trigonometric Fourier series requires wy = 37 and the coefficients satisfy
ap =co =0, a1 =2|c;] =1 and by = ey = —7/6, with all other coefficients ay,

and by, zero.




2. (5 marks) The signal
x(t)

: : ’7‘!).5 1 2 t

-2 -1 -05

has a Fourier series representation

[ee]
x(t) = Z cpelm

k=—o00

where
1/2 k=0
ok =
2+ sin(kn/2) otherwise.
a at is the total average power contained in the signal?
What is the total average p tained in the signal?
ow much signal power is contained in the frequency range |w| > 1.577
b) H h signal i tained in the f > 1.577

Recall that Parseval’s theorem states that

L[ wa= 3 o
— z*(t)dt = cLl®.
r =T/ k=—o0
(a) From the time domain representation the average signal power is
1 1/2
P= —/ 22 (t)dt = 1/2/ dt = 1/2 watts.
2J —1/2

The coefficient ¢ corresponds to the component of the signal at frequency
w = kwy = k7 for integer k. Thus the total signal power in the range

—1.5m <w < 1.57is

1
Poisrcwcrsne = Y leel> = (1/m)% + (1/2)% + (1/7)* = 0.4526 watts
k=—-1

The power in the specified range must be the difference between the total power

and this calculated power:

Pui>157 =P — P_155<w<1.5n = 0.5 —0.4526 = 0.0474 watts,

which is 9.48% of the total.

3. (5 marks) Plot the magnitude and phase spectrum (in other words | X (w)| and

£X (w)) of the signal z(t) = e tu(t).

The Fourier transform of the given signal can be obtained from tables:

1
X(w) = :
W) =51

To generate the required plots this needs to be converted to an expression in polar
form. Since Re(1 4 jw) =1 and Im(1 + jw) = w the geometry of the complex

plane implies that
1+ ]UJ = \/H‘—UJ2€J ‘drCtan(w)‘

Thus

1 1 )
Xw=——=——__¢77 arctan(w)
“) Jw+1 V142
SO
1
[ X(w)|= === and /X(w)= —arctan(w).

Plots are as follows:

[H(w)I




4. (5 marks) Suppose y(t) = h(t) * e/t with
h(t) = e tu(t),

where * indicates the convolution operator.
(a) Find H(w).
(b) Show that

27

Y =
(w) Jwo + 2

O(w — wp)-

(c) Find y(t).

(a) The Fourier transform can be obtained from tables:

1
T w42

H(w)

(b) Defining v(t) = e/“0! we have y(t) = h(t) * v(t). From the ” Convolution in time
domain” property

However, from the Fourier pair
i F
eIt L 218 (w — wp)

we know that V(w) = 2m6(w — wp). Thus

2

Y(w)=H(w)V(w) = jw+227r5(w—w0) = jw+26(w — wo)
2m
= jw0+26(w7w0).

The last equality follows form the sifting property since the impulse is at w = wy.

—
o
N

Applying the linearity property to the Fourier pair from the previous part gives the
new pair

aelot a2mé(w — wp),
1

which is true for all a. Letting a = yields the pair

Jwo+2
1 . 2
- elwot - il O(w — wp),
Jwo + 2 Jwo +2
so the required time domain signal is
1 .
y(t) el

- Jwo + 2



INFORMATION SHEET

Fourier transform properties

Property Transform Pair/Property
Linearity az(t) + bu(t) +» aX(w) + bV (w)
Time shift z(t —¢) & X(w)e Iwe

Time scaling

Time reversal

Multiplication by power of ¢
Frequency shift

Multiplication by cos(wqt)
Differentiation in time domain
Integration

Convolution in time domain
Multiplication in time domain
Parseval’s theorem

Parseval’s theorem (special case)

Duality

z(at) > 2X(2) a>0

a(—1) & X(~w) = X(@)

t"z(t) ¢ " e X(w) n=1,2,...
z(t)ed*0t & X(w — wp) wo real

x(t) cos(wot) «» 3 [X(w + wo) + X (w — wo)]
(;if—wnz(t) < (Jw)"X(w) n=1,2,...
S z(NdA & 75X (w) + 71X (0)8(w)
z(t) * v(t) <> X(w)V(w)

z(t)v(t) > =X (w) * V(w)

oo zvt)dt = £ [°° X (w)V(w)dw
2@t (Wdt = & [, |X(w)[2dw
X(t) < 2mz(—w)

Common Fourier Transform Pairs

o(t) = 3= [ X(w)e!“ dw

X(w) = [ a(t)e I dt

1 (—o0 <t < o0)
—0.5 4+ u(t)

u(t)

4(t)

§(t—rc)

e Ptu(t)

edwot

pr(t)

Tsinc;—:r'

(1-2)p.

%sinc2 "—:{
cos(wot + 6)
sin(wot + 0)

2ont oo 0(t = nT)

276 (w)
1
Jw
7 (w) + ﬁ
1
—jwe

e (¢ any real number)

ﬁ (b>0)
276 (w — wo) (wo any real number)
Tsincg®

27pr(w)

Zsinc® (2)

2 (1 - @) pr(w)

wle™08(w + wo) + €?8(w — wp)]
jrle 798 (w + wo) — €798 (w — wo)]

F R o Sw — k)

Trigonometric identities

sin(—0) = —sin(0)
sin(20) = 2sin(0) cos(0)

sin(01 + 02) = sin(01) cos(02) + cos(01) sin(02)

el® = cos(0) + jsin(6)

cos(—0) = cos(0)
cos(20) = cos?(0) — sin?(0) = 2cos?(0) — 1 = 1 — 2sin(0)

tan(—0) = — tan(0) sin?(0) + cos?(9) = 1

cos(01 + 02) = cos(01) cos(02) — sin(01) sin(02)



