EEE2035F: Signals and SyStemS I 1. (5 marks) Consider the two signals below:
e x(t) 1 y(t)
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The convolution v(t) = x(t) * y(¢) is as follows:
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Specify a, b, and c.

The picture for the graphical approach to convolution is as follows:

Name: === 77‘ a(7)
Student number: 0 1 2
1 /‘ y(t—1)
0 t—1 t T
Information From this we see that the convolution is zero for ¢ < 1 and fort > 3,soa = 1and b = 3.
o The test is closed-book. The convolution is given by
o This test has four questions, totalling 20 marks. o(t) = /oo S(r)ult = r)dr
o Answer all the questions. . o
with
e You have 45 minutes.
-1+t 1<t<2 1—1t 0<t<1
z(t) = and y(t) =
0 otherwise 0 otherwise,

and the maximum occurs for ¢ = 2. The corresponding value is

el 2
v(2):/ $(T)y(2—7)dT:[ [1—(©2-7))(-1+7)dr

—oo

2 2
1.
:/ (T—l)QdT:/ 2 - 27+ 1dr = {57’3—72—%7}
1 1
=8/3-4+2-(1/3-1+1)=1/3,

2

T=1

so ¢ = 1/3. Note that the algebra in the last part could be made much more simpler by
thinking about convolution with z(t) shifted to the right by 1.




2. (5 marks) A signal z(¢) with fundamental frequency wy = 27 radians/second has the
Fourier series coefficients shown below:

ol

0 1 2

E

(a) Is the signal real? Why?
(b) Write a time domain expression for the signal.

(c) What is the total power in the signal?

(a) We are assuming that
[e.e]
x(t) = Z cpekeot,
k=—oc0
For a real signal we must have ¢, = ¢*, or |cx| = |c_x| and Z¢, = —Zc—_y,. Since we
observe that the magnitude plot is even and the phase plot is odd this condition is met, so
the signal is real.

(b) The signal can be written as
x(t) = c_ge I fe eI e+ cref P 4 cpedtT
= e ITe It | 9e=IT/2e=02Tt | ] | 96IT/26527t 4 i TN
— e IWmtdm) | 9o—i@mttn/2) | | | 9pi(2mtdw/2) | ojldmitm)
=1+ 4cos(2nt + w/2) + 2 cos(4nt + 7).
Writing the solution as a real function is probably not essential, although it does show that

you know what you’re doing.

(c) By Parseval’s theorem the total average power is

[e o]
P= > |al>=1+4+1+4+1=11Watts.

k=—o00

3. (5 marks) The signal
x(t) = 2 cos(2t + m/3) + sin(3t)

has a Fourier series representation of the form

o0
x(t) = Z cpelFwot,

k=—o00

Specify wy, and find and plot the magnitude and phase of the Fourier series coefficients as
a function of the frequency w.

The signal can be written as
1 . ; . . 1, .
:E(t) _ 25(6](2t+7r/3) + 67](2t+ﬂ'/3)) + Q_j(e]ﬁ _ ef]Jt)
L st _—jn/3_—jot /3 g2t L3t
:f?e] +e I eI £ eI e +?e]
J

This can be expressed in the Fourier series form with wy = 1 radian/second,

1 . . 1
ce3=——, co=e9"3 c=¢e"3 and c¢5=—,
2j 2j
and all other coefficients zero. Since c3 = % = f% j= %e’j”/ 2and ¢, = ¢* i the plots
are as follows:
1
1| [ o ™
3 2 0 2 3 ¢
T 5 T7\'/3 3 Ley
3 l 0 2 i v
—m/2




4. (5 marks) Use the definition of the Fourier transform (that is, without using tables or INFORMATION SHEET
properties) to compute the frequency domain representations of the following signals:

@ 21(t) = 8t — ) Fourier transform properties

(b) Iz(t) = eatu(ft), where a > 0. Property Transform Pair/Property
Linearity az(t) + bv(t) ¢ aX(w) + bV (w)
Time shift z(t — ¢) & X (w)e Iwe
Time scaling z(at) > 2X(2) a>0
(a) The transform is Time reversal z(—t) & X(—w) = X(w)
i Multiplication by power of ¢ t"x(t) < j"d’i—nnX(w) n=12,...
f{&(t _ C)} _ / (S(t _ c)efjwtdt Frequency shift 2(t)e?¥0t & X(w — wp) wo real
—o0 Multiplication by cos(wot) x(t) cos(wot) ¢ [ X (w4 wo) + X (w — wo)]
o . . 0 . Differentiation in time domain %z(t) “ (Jw)"X(w) n=1,2,...
= / 0t —c)e™Ivedt = e ¢ / ot —c)dt = e7I¥°. Integration Tt z(NdA & X (w) + 7X(0)5(w)
- T Convolution in time domain z(t) * v(t) <> X(w)V (w)
(b) The transform is as follows: Multiplication in time domain z(t)v(t) < 5= X (w) * V(w)_
Parseval’s theorem [ w(t)u(t)dt = 5= [ X (w)V (w)dw
ad 0 oo 2 _ 1 [oo 2
f{eatu(—t)} _ / eatu(—t)efj“ﬁdt _ / ot g—iwt gy PD.:ZE\;I s theorem (special case) }fg(?; f_}(;irdzt(:;; S22 1X (W) P dw
—o0 —oo
0 ) o
= / elei9)tqt = oy [evte=31] =" Common Fourier Transform Pairs
—o0
_ 1 (1 -~ 0) - 1 z(t) = % ffc;o X(w)e“”dw X(w) = ffooo x(t)e I¥tdt
a— jw a—jw’ 1 (=00 <t<o0) 276(w)
—0.5 + u(t) I
u(t) 7o (w) + Jiw
() 1
6(t—c) e~9%¢ (¢ any real number)
e Ptu(t) ﬁ (b>0)
eJwot 278 (w — wo) (wo any real number)
pr(t) Tsinc 52
Tsinc gt 27pr (w)
(1- 21 oo Fonc? (32)
Zsinc? It 2 (1 - @) pr(w)
cos(wot + 0) wle™08(w + wo) + €7?8(w — wo))
sin(wot + 0) jrle ™98 (w + wo) — e??8(w — wo)]
S o 8(t—nT) Zr s 0w —k3E)

Trigonometric identities

sin(—0) = — sin(0) cos(—0) = cos(0) tan(—0) = — tan(0) sin?(0) + cos?(9) = 1

sin(20) = 2sin(0) cos(0) cos(20) = cos?(0) — sin?(0) = 2cos?(0) — 1 = 1 — 2sin(0)

sin(01 + 02) = sin(01) cos(02) + cos(01) sin(02) cos(01 + 02) = cos(01) cos(02) — sin(0y) sin(02)
€% = cos() + j sin(6)



