EEE2035F: Signals and Systems I
Class Test 2

22 April 2013

SOLUTIONS

Name:

Student number:

Information

The test is closed-book.

This test has four questions, totalling 20 marks.

Answer all the questions.

You have 45 minutes.




1. (5 marks) Consider the two signals below:

1" - - —7‘ z(t) 1 y(t)

t t
0 1 2 0 1 2

The convolution v(t) = x(t) * y(t) is as follows:

- N - C

v(t)

Specity a, b, and c.

The picture for the graphical approach to convolution is as follows:
- - - - 7‘ z(7)

1 ‘ y(t — 1)

T

From this we see that the convolution is zero fort < 1 and for¢ > 3,so0a = 1 and b = 3.

The convolution is given by

with
-1+t 1<t<2 1—1t 0<t<1
z(t) = and y(t) =
0 otherwise 0 otherwise,

and the maximum occurs for ¢ = 2. The corresponding value is

v(2) = /00 x(T)y(2 —71)dT = /1 1—2—-7))(-1+71)dr

— 00

2 2 1

:/ (T—l)QdT:/ 7‘2—27'+1d7':{§7'3—7'2+7'}
1 1

=8/3—-4+2—-(1/3—-1+1)=1/3,

2

T=1

so ¢ = 1/3. Note that the algebra in the last part could be made much more simpler by
thinking about convolution with z(t) shifted to the right by 1.




. (5 marks) A signal z(t) with fundamental frequency wy = 27 radians/second has the
Fourier series coefficients shown below:

RER -

0 1 2

—3 el

(a) Is the signal real? Why?
(b) Write a time domain expression for the signal.

(c) What is the total power in the signal?

(a) We are assuming that
o0
x(t) = Z cpelkeot,
k=—o00
For a real signal we must have ¢, = ¢, or |c;| = |c_g| and Zc = —Zc_j. Since we
observe that the magnitude plot is even and the phase plot is odd this condition is met, so
the signal is real.

(b) The signal can be written as
x(t) = C_oe It Lo 1eTI2T 4 eg 4 0172 4 egeddT
= e T eIATE | 9o —im/2,=52Tt | | 4 9oim/2p02mt | pjm jdnt
_ e—j(47rt—|—7r) + 26—j(27rt—|—7r/2) +14+ 26j(27rt+7r/2) + ej(47rt—|—7r)
=1+ 4cos(2nt + 7/2) + 2 cos(4nt + ).
Writing the solution as a real function is probably not essential, although it does show that

you know what you’re doing.

(c) By Parseval’s theorem the total average power is

o0
P= Y |el*=1+4+1+4+1=11 Watts.

k=—0c0




3. (5 marks) The signal
x(t) = 2cos(2t + w/3) + sin(3t)

has a Fourier series representation of the form

o0
z(t) = Z cpelfwot.

k=—o0

Specify wp, and find and plot the magnitude and phase of the Fourier series coefficients as
a function of the frequency w.

The signal can be written as

1 . . 1 . ,
.CC(t) _ 25(63(%4—%/3) + e—g(2t—|—7r/3)) + —_(€]3t _ e—g3t)

27

_ _i.e—j?)t Lo emdm/Bmi2t 4 gim/3 02t i.ej?,t
27 2j

This can be expressed in the Fourier series form with wy = 1 radian/second,

1 . . 1
cig=——, co=e 93 =63 and c3=—,
2J 2J
and all other coefficients zero. Since c3 = % = —1j=1e7"/2and ¢, = c¢*, the plots

are as follows:
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4. (5 marks) Use the definition of the Fourier transform (that is, without using tables or
properties) to compute the frequency domain representations of the following signals:

(@ z1(t) =4(t —¢).
(b) z2(t) = e**u(—t), where a > 0.

(a) The transform is
Fl{o(t—c)} = /00 5(t —c)e *tdt
= /00 §(t — c)e Iwedt = e~ Iwe /00 §(t —c)dt = e~ 9w°.
(b) The transform is as follows:

0
Fle™u(— Ye It = / ete It

=) -
/

at  —jwt t=0

elo=iwt gy — [e e L_} -




INFORMATION SHEET

Fourier transform properties

Property Transform Pair/Property
Linearity ax(t) + bu(t) < aX(w) + bV (w)
Time shift z(t — c) & X(w)e Iwe

Time scaling

Time reversal

Multiplication by power of ¢
Frequency shift

Multiplication by cos(wot)
Differentiation in time domain
Integration

Convolution in time domain
Multiplication in time domain
Parseval’s theorem

Parseval’s theorem (special case)

Duality

z(at) %X(%) a>0

z(—t) < X(—w) = X(w)

t"z(t) ¢ e X (w) n=1,2,...
‘r(t)ejwot < X(w —wp) wo real

z(t) cos(wot) <> 2 [X(w + wo) + X (w — wo)]
Aa(t) & (ju)"X(w) n=1,2,...
S 2(VdX & L X (w) + 7X(0)6(w)
z(t) x v(t) + X(w)V(w)

z(t)v(t) < 5= X (w) * V(w)

I a(tut)dt = o= [ K@)V (w)dew
22, 2% (t)dt = 2= [ | X (w)]Pdw

X(t) + 2rz(—w)

Common Fourier Transform Pairs

z(t) = &= I X (w)ed“tdw

X(w) = [ x(t)e Iwtdt

1 (—o0 <t < o0)
—0.5 4 u(t)

u(t)

5(t)

5(t—c)

e Ptu(t)

elwot

pr(t)

Tsinc g+

(1 - @) pr(t)

27t
47

5 sinc
cos(wot + 6)
sin(wot + 6)

Do Ot —=nT)

276 (w)
1

Jw
o (w) + j%
1

—Jjwe

e (c any real number)

sors (6>0)
278 (w — wo)

Tsinc 52
s

(wo any real number)

27mpr (w)

Zsinc® (32)

27 (1 — @) pr(w)

e 98(w + wo) + e7965(w — wo)]
jrle 798 (w + wo) — €798 (w — wo)]

F I o O(w —k3E)

Trigonometric identities

sin(—0) = —sin(0) cos(—0) = cos(0)
sin(20) = 2sin(0) cos(0)
sin(01 + 62) = sin(61) cos(f2) + cos(61) sin(62)
e?? = cos(0) + j sin(6)

tan(—0) = — tan(0)
cos(20) = cos?(#) — sin?(0) = 2cos?(f) — 1 =1 — 2sin%(h)

sin?(0) 4 cos?() = 1

cos(61 + 02) = cos(01) cos(02) — sin(01) sin(02)



