EEE2035F: Si gna|s and Systerns | 1. (5 marks) For the following signalg(t) = h(t) * z(t):
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SOL UT | ONS Find the values of,, b, andc, justifying all answers.

From the properties of convolution we hayg) = h(t) * z(¢). However,

2(t) = 26(t — 1) — 46(t) +25(t — 1), so
Name:
§(t) = 2h(t + 1) — 4h(t) + 2h(t — 1).

Student number: A plot is below:

t
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e This test hagour questions, totalling 20 marks. The signal given is the indefinite integral:

e The testis closed-book.

i t
e Answerall the questions. y(t) :/ N
e You have 45 minutes. -
The output will be zero prior té = —1, at which point it will start to go positive. Thus
a = —1. Whent = 1 the total area to the left i5 soc = 1. Whent = 3 the total area to

the left will be zero, and remains zero for- 3. Thusb = 3.




2. (5 marks) The impulse response of a LTI system is giveh(by = T—lne*t/mu(t).

@

(b)

@
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~

Find the step respongét) of the system, or the response of the system to the unit step
inputz(t) = u(t).
Find a simple expression for the respopég of the system to the input(¢) below:

1 x(t)
1 2

(Hint: the result from part (a) can be useful here. If you dotilfind the answer for that
part, then just express the response in termgof)

Ifu(t) — g(t) is a valid input-output pair then from the derivative pragef

convolution
i(t) = iu(t) — 4 (t)
T at?
is a valid pair. But the left hand side is just the impulse cese, so the right hand side

must be the impulse response. Thifs) = g(¢), or

Whent < 0 we haveg(t) = 0. Fort > 0 the output is

t
1 _ 1 _1\t
g(t) = —e % XA = — [*7’06 % )‘]
o To0 T0 A=0
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Thus we can writg/(t) = (1 — e~ 7" )u(t).
The input can be written agt) = u(t) — 2u(t — 1) + u(t — 2). However, by linearity and
time invariance the following are all valid input-outputiyza

u(t) — g(t), —2u(t—-1) — —2¢(t—1), and u(t—2) — g(t—2).
The output is therefore
y(t) =g(t) —29(t—1) +g(t - 2)
=(1—e o Yut) 201 —e Nt — 1) + (1 — e 70 D)t — 2).

3. (5 marks) Consider the periodic signdlt) given by the expression

x(t) = (24 25)e 73" — 356792 4 5 4 3572 + (2 — 2j)e73.

(a) What is the fundamental frequencyadf)?

(b) Sketch the Fourier spectrum (the Fourier series coefiis).
(c) Isxz(t) areal signal? Why?

(d) What is the total power of(t)?

(a) The Fourier series representation of the signal is

o0
x(t) = Z cpetkeot,

k=—o0
By inspection we observe that the fundamental frequency is 1.

(b) The coefficients can also be found by inspection:
=5 c=c,=3/=3%, and c3=c";,=2-2j= 22 7%
with all other coefficients zero. These are plotted below:
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(c) We know the signal is real because= c* ; for all k. (Magnitude is even and phase is
odd.)

(d) From Parseval’s theorem the total power is

w3

I

P= )" |al* = (2v2)? + 3% + 5% + 3% + (2v2)? = 59 Watts

k=—o00




4. (5 marks) The impulse response of a LTI system is known to be

1 *‘ R(t)

t
1
0

(a) Use the definition of convolution to show that when theutripz(t) = e/“0?, the output is
y(t) = H(wp)e?*ot with
1—e v
A =5
(b) Using this result (or otherwise) find the output when thawit isz () = e/27.
(c) Suppose now that the input is

oo
x(t) = Z cpedhwot,
k=—o0
with ¢g = 3, ¢; = ¢*{ = 2andey = ¢*, = 1, and all other coefficients zero. The output
can be expressed as

y(t) = Z dyedF=ot

k=—o0

Specify the values fody,.

(@) The outputis

1

o) 1 _ )
y(t) = / h(N)x(t — N)dr = / el (t=N) gy = giwot {]Tle-wo*}
0

oo 0

— A=0
1 — e~ Jwo
Jwo

(b) The output will be

et = H(wpg)e?*ot,

) 1—e 027 |
y(t) = H(2m)el>™ = ———_¢I2m — ),
127
(c) If the action of the system is denoted by the transforomefi{ - }, then by linearity and time
invariance we have

y(t) = T{2(t)} = T{a(t)} —T{ 3 kk} = 3 T{aeny

k=—o00 k=—o00
oo o0 o0

= E cpT{ehwot} = E cr H (kwp)edFwot = E djedtot,
k=—o0 k=—o00 k=—o00

Therefore




INFORMATION SHEET

Fourier transform properties

Property Transform Pair/Property

Linearity az(t) + bu(t) + aX(w) + bV (w)

Time shift 2(t — ¢) & X(w)e Iwe

Time scaling z(at) > 2X(2) a>0

Time reversal 2(—t) & X(—w) = X(w)

Multiplication by power oft thz(t) <> j" %X(w) n=12...
Frequency shift z(t)e?“0t & X (w —wo) wo real
Multiplication by cos(wqt) x(t) cos(wot) <> 3 [X(w + wo) + X (w — wo)]
Differentiation in time domain ;ﬁl z(t) « (jw)"X(w) n=12,...
Integration S zNdA & 75X () + 71X (0)5(w)
Convolution in time domain z(t) * v(t) <> X(w)V(w)

Multiplication in time domain z(t)v(t) & =X (w) * V(w)

Parseval's theorem S zMutydt = 2 [°° X (w)V(w)dw
Parseval's theorem (special case) S at()dt = 5= [0 X (w)]Pdw
Duality X(t) & 2mz(—w)

Common Fourier Transform Pairs

o(t) = 5= [ X (w)ed“tdw X(w) = [, z(t)e IWtdt

1 (—o0<t< o0) 276 (w)

—0.5 4 u(t) i

u(t) w(w) + J%

a(t) 1

§(t—c) e 7¥¢ (cany real number

e tu(t) s (6>0)

edwot 278(w — wo)  (wo any real number
pr(t) TsinctZ

Tsinczt 27p, (w)

(1 - @) pr(t) Fsinc® (32)

Zsiné® 2% 2r (1- 22 p, (w)

cos(wot + 6) 7le 98w + wo) + €798 (w — wo)]
sin(wot + 0) Jrle 798 (w + wo) — €798 (w — wo)]

Trigonometric identities

sin(—0) = — sin(0) cos(—0) = cos(0) tan(—0) = — tan(0)

sin?(6) 4 cos?(0) = 1 sin(20) = 2sin(f) cos(0)

cos(26) = cos?() — sin?() = 2cos?(0) — 1 =1 — 2sin?(0)

sin(f1 + 62) = sin(01) cos(62) + cos(01) sin(f2) cos(01 + 02) = cos(671) cos(02) — sin(f1) sin(H2)
e?% = cos(0) + jsin(6)



