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Thetest is closed-book.

Thistest has four questions, totalling 20 marks.

There is an information sheet attached at the end of this paper.

Answer all the questions.

You have 45 minutes.




1. (10 marks) Given

x(t) =41
0
sketch
@ x()
(b) y1 (1) = x(2t + 1)
(©) y2(1) = x(2—1).
(d) the generalised derivative y; (1) = 2
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2. (10 marks) Show by counterexample that the system with input-output relation
y(t) = x(¢/2) isnot timeinvariant.

If the system istimeinvariant and y; (¢) isthe response to input x; (¢), then the response to
x1(t —c¢) must be y,(t — ¢) for al c.

Just about any signal works as a counterexampl e:

x1(1) = u(r) x1(1) = u(r)

| - t
x(t) =xi(t—1) y(1)

(|) 1 t (|) 1 2 t

Isy(t) = y1(t — 1)? No, so system is not timeinvariant.




3. (10 marks) Suppose x (¢) in question 1 isthe input to an LTI system with impul se response
h(t). Find the output for the two cases of:

@ h() =48(0)
(b) h(t) = 8(t —2).

(8 Theoutputisy(t) = h(t) * x(t) = 6(t) * x(¢t) = x(¢) (since§(¢) istheidentity element of
convolution).

(b) Theoutputis
y(@)=h() *xx() = /oo h(QA)x( — A)dA
= /oo S(A—=2)x(t —A)dA = /oo S(A—2)x(t —2)dA

—00 —00

= x(t —2)/oo S(A—2)dX = x(t —2).




4. (10 marks) Find y(¢) = p»(t) * u(¢) using graphical or algebraic methods.
(In case you forget, the signal p,(¢) isapulse of height 1, centered on the origin and of
total width 2, and u(¢) isthe unit step signal.)

The convolution output is

1

Y1) = / (Ot — 1)dt = / (e —

Ry -
_ /_l(l)u(t —1)dt = /_lu(t—f)dt.

Now u(t — t) isthe signal below:

‘ ut —1)

. 1 L T
-1 t 1

There are three cases:

e Fort < —1wehavey(t) = [! (0)dt = 0.

o For—1 <t <lwehavey@) =/ ,(Ddt =t +1.
e Fort > 1wehave y(r) = f_ll(l)dr = 2.




INFORMATION SHEET

Fourier transform properties

Property Transform Pair/Property

Linearity ax(t) +bv() < aX(w) + bV(w)

Time shift x(t —c) & X(w)e /@c

Time scaling x(at) < 1Xx(2) a>o0

Time reversal x(=1) o X(—0) = X(0)

Multiplication by power oft t"x(@) < j" %X(a)) n=1,2,...
Multiplication by complex exponential x(t)e/?0! & X(w —wo) wp real
Multiplication by cogwot) x(¢) codwot) < %[X(w + wo) + X(w — wo)]
Differentiation in time domain %x(t) < (jo)'X(w) n=1,2,...
Integration [l oo XA < 75 X (@) + 7X(0)8 ()
Convolution in time domain x@) *v(t) < X(0)V(w)

Multiplication in time domain x(@®)v(t) < ﬁX(w) * V(w)

Parseval’'s theorem [ x@®v@)dt = L [0 X(0)V(w)dw
Parseval’s theorem (special case) oo x2@)dt = 2= [Z2 1 X () Pdw
Duality X(t) o 2nx(—w)

Common Fourier Transform Pairs

x(2) X(w)

1 (o<t <o) 2n8(w)

—0.5 + u(z) jLw

u(t) w8(w) + 55

1103) 1

8(t—c) e~/®¢ (¢ any real number

e bu(t) mﬁ (b>0)

e’/ @o! 278 (w — wo) (wo any real number
p (1) Tsinct%

rsinctL 27 p (@)

(1-24) pe (o) Isind (£2)

Zsinc IL 27 (1—@)1&@))

coqwot + 0) e 798(w + wo) + e/ 8(w — wp)]
sin(wot + 6) Jjrle=7?8(w + wo) — e/ 8(w — wo)]

Trigonometric identities

sin(—0) = —sin(0) cog—60) = cogH) tan(—0) = —tan(0)

sin?(0) + cog(0) = 1 sin(20) = 2 sin(f) cogH)

cog20) = cog () — si?(0) = 2co2 () — 1 = 1 — 2sin?(H)

sin(67 + 62) = sin(61) cod6>) + cod6) sin(62) cog6; + 6») = cod6;) cogH,) — sin(H;) sin(62)
e’/? = cog) + j sin(6)



