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Abstract

We present an image based method for computing 3D trajectories of rigid particles from experiments, where se-
quences are captured using a single high-speed video camera (HSV). The computed trajectories, which are representa-
tive of real world particle interaction, can then be directly compared with trajectories obtained from DEM simulations,
hence aiding validation. Experiments consist of a diamond impacting a plate and are captured at 4000 frames per
second. Simple image analysis is used to track the particle in each frame and to extract its 2D silhouette boundary.
Using an approximate 3D model of the particle, generated from a multi-camera setup, a pose estimation scheme based
on silhouette consistency is used in conjunction with a rigid body simulator to produce a registered 3D trajectory. We
demonstrate how this information can be used to validate typical simulation characteristics, such as contact models,
when applied to particles of arbitrary shape. Under reasonable conditions, the method can reliably estimate linear and
angular particle velocities to within 1%.

1 Introduction

Understanding mass particle interaction in large scale processes is a complex problem. Simulation based techniques
such as the discrete element method (DEM) have brought new insight to the design and optimisation of such processes.
Emergent behaviour of the system is sought by simulating a large number of individual particles which interact accord-
ing to specified mechanisms. These mechanisms operate at a single particle level. Hence incorporation of appropriate
interaction models is important for successful simulation.

An important component of simulation based design and optimisation is the validation process. The validation
needs to occur at both a global and a mechanism level. In multi-particle processing systems detailed global validation
can be difficult, because tracking and measurement of individual particles is intractable. Hence one form of global
validation takes the form of comparing gross trends such as particle throughput, density and power draw. Validation
of interaction mechanisms can be no less problematic. Our goal is to develop a tool that can be used to assist in these
validation processes.

Particle process simulation generally results in a vast simplification of the real world process in order to extract a
computationally viable model. Various proposals have been made to circumvent problems caused by these simplifica-
tions. In the case of shape representation these include sphere clumping and superquadric representations (Williams,
1991). However, such methods, while possibly improving accuracy, come at the price of an increased computational
overhead. The issue of suitable contact models and shape representation are interconnected because the material re-
sponse of the contacting bodies may differ depending on the contact geometry.

Material response to particle contacts can range from elastic to elasto-plastic to plastic. In many cases the simple
Hertz contact model is employed even though this is only applicable to purely elastic contacts. Whilst this may be
appropriate in relatively static environments, e.g. soil mechanics, this is rarely the case in most dynamic applications.
Empirical spring and dashpot contact models are often employed to capture a degree of the inelastic material response
(Walton and Braun, 1986). While such models have the advantage of speed, they do not relate to material properties,
making them difficult to generalise. Although some progress has been made in the development of phenomenological
contact models that are parameterised by relevant material properties (Li et al., 2002), these are often computationally
expensive. Moreover, in the case of real particle shapes, the rebound behaviour is difficult to validate.

Towards facilitating the validation process, we present an image based method capable of analysing the 3D motion
of real particles within a controlled experiment, captured with a single high-speed video camera (HSV). Since these
experiments involve actual particle interactions, the analysed 3D motion can be used, for instance, to assess the validity
of corresponding DEM simulations. We limit our analysis to single impacts involving a single particle and a plate.
Eventually, we hope to extend this to include particle-on-particle impacts.
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2 Problem definition

Given a HSV sequence of a particle-plate impact experiment and a previously generated 3D model of the particle, we
wish to determine the 3D trajectory of the particle. This requires estimating the particle’spose. Once the trajectory
is known, a simulation of the experiment can be constructed by initialising the 3D model of the particle to the initial
state of the estimated trajectory. Since the estimated trajectory represents the particle’s motion in the real world, it can
be used to gauge the accuracy of the simulated experiment if suitable material properties for the contacting bodies are
known.

An approximate 3D model of the particle is generated using a six-camera setup as illustrated in Figure 1. The
cameras are calibrated, i.e. the relative poses are known. The silhouette boundaries of the particle are extracted
from each image and combined with the corresponding calibration parameters, forming a calibratedsilhouette set.
Volumetric carving followed by polygonisation (Bloomenthal, 1994) is used to generate a 3D mesh of the maximum
bounded volume, known as thevisual hull(Forbes et al., 2003). By repeating this process several times and merging the
results, more accurate 3D models can be constructed. In our application, we merge ten runs for each particle, resulting
in a 60-view calibrated silhouette set (i.e. the particle is effectively seen from 60 different viewpoints).

Figure 1:Left: A typical 6-view calibrated silhouette set associated with the six-camera setup. The 3D model of the
particle (visual hull) is the result of the intersection of all the visual cones. The unknown viewpoint associated with the
a particle’s pose in a HSV sequence is shown with respect to the calibrated silhouette set on the left. Right: Example
of a 6- and 60-view visual hull.

Assuming the particle undergoes unhindered rigid body motion both before and after impact, the full trajectory can
be modelled as a train of piecewise trajectories separated by collision events. This simplifies estimating the particle’s
trajectory, since each piecewise component corresponds to a constant linear and angular momentum term. Constant
forces, such as gravity, can also be included in the model with minimal additional complexity. Currently, we do not
consider cases in which the particle rolls along the plate.

3 Pose estimation

A particle is moving with respect to a fixed camera whose relative pose is unknown. Equivalently, if we consider the
object to be fixed, the problem can be visualised as someone attempting to move the camera around the object so that
a projection of the object into the camera view corresponds to the image seen by the camera.

The relative pose between the world and the reference frame of a camera can be specified by a rigid transformPwc
with a homogenous coordinate system:

Pwc =
[
R t
0 1

]
, (1)

whereR is a3× 3 rotation matrix andt is a3× 1 vector corresponding to a translation. Therefore, the pose estimation
problem corresponds to finding appropriate values forR andt. Figure 1 illustrates this scenario.

Pwc can be estimated from silhouettes by maximising the silhouette consistency between the unknown camera and
the calibrated silhouette set. A convenient measure of silhouette consistency is the epipolar tangency error, which
measures the extent to which the visual cones, formed by rays passing through a camera centre and a corresponding
silhouette boundary, correctly intersect. The primary advantage of this formulation is its efficiency, since it can be
computed directly from silhouettes and does not require an explicit 3D model (e.g. triangular mesh). In addition, since
the measure is based on a geometric constraint, it can be formulated as an objective function that can be minimised
using standard nonlinear least-squares optimisation techniques.
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3.1 The epipolar tangency error

Consider two views of an object as shown in the left hand image of Figure 2. Each camera (CA andCB) images an
object from different views resulting in the corresponding silhouettesSA andSB. We assume a pinhole camera model,
thus the visual cones of the silhouettes converge to the camera centres:ca andcb.

The projection of each camera centre into the opposite camera’s image plane is called anepipole. Therefore,
epipoles are points of intersection of the line created by joining the two camera centres (the baseline) and the respective
image planes. In the figure, epipoleseaB andebA corresponding to the projections ofca andcb into camerasCB and
CA are shown. Epipolar tangency lines are constructed for each view by drawing lines from the epipoles to their
corresponding silhouette boundary in each image, such that they touch the extents of their silhouettes. The epipolar
tangency lines, which exist in 2D image space, touch their silhouettes at the epipolar tangency points(ta1 , ta2) for
SA and(tb1 , tb2) for SB. Since these points are projections of the same 3D points, calledfrontier points, they must
be consistent across both views. That is, the ray passing throughcA and ta1 must project exactly onto the epipolar
tangency lineeaBtb1. This is known as the epipolar tangency constraint (Wong, 2001). In practice, there is inherent
noise in the imaging process and the camera parameters are not without error, which leads to inexact projection of the
epipolar tangency lines as illustrated in the right hand image of Figure 2.

Figure 2:Left: An object viewed from two cameras with corresponding epipoles and epipolar tangents shown. Right:
Example of Epipolar Tangency Error (ETE).

The perpendicular distance between an epipolar tangency point and a projected epipolar tangency line from another
view is called the epipolar tangency error (ETE). The ETE is measured in pixels and provides a convenient measure
of consistency between two silhouette projections. For each pair of silhouettes there are two epipolar tangency points
for each image, resulting in four ETE’s. A detailed explanation on computing the ETE can be found in (Forbes et al.,
2003).

4 3D Trajectory estimation

Estimating the pose of a particle for an entire sequence would typically require estimating a rigid transform (Equation 1)
for each frame. Our method simplifies this by using a rigid body motion model to predict the pose of the particle during
frames in which the particle is moving unhindered, i.e. not colliding with any other body. After estimating the pose of
the particle for the first frame, the camera parameters for the remaining frames can then be generated by simulating the
particle according to the motion model parameters. The ETE is retained as a measure of how consistent the resulting
trajectory is with respect to the calibrated silhouette set of the particle. This results in a pose estimation framework,
which makes use of the silhouette consistency constraint while ensuring that only physically possible solutions are
found. We assume that the particle is considered to be a rigid body, and particle motion between impact events follows
unhindered rigid body motion.

4.1 Particle initialisation

The first task in determining the trajectory of a particle in a HSV sequence is to estimate its initial pose. The formulation
discussed in Section 3 is used. Given the particle’s silhouette at the beginning of the HSV sequence (unknown camera)
and a calibrated silhouette set of the particle (six-camera setup), we wish to determine the relative pose of the unknown
camera.

A perspective camera model with square pixels and no lens distortion is assumed for the unknown camera, which
is specified by a4× 4 projection matrixP:

K =

 f 0 ux

0 f uy

0 0 1

 (2) P =
[
K 0
0 1

] [
R t
0 1

]
. (3)

K contains the camera’s intrinsic parameters, focal lengthf and principal point(ux, uy), and is used to define the
perspective projection.R andt form a rigid body transform, from Equation 1, that orients the world to the camera’s
reference frame. A convenient parameterisation for rotations is to use quaternions. This allows the nine parameter

3



rotation matrixR to be specified by a four parameter unit quaternionQ. Another reasonable assumption is that the
principal point (the projection of the camera centre onto the image plane) is approximately at the centre of the image.
The unknown camera can therefore be specified by eight parameters:

X = [f QT tT], (4)

whereX represents a concatenated vector of parameters.
Suitable parameter values can be efficiently determined by iterative nonlinear least-squares optimisation — here the

Levenberg-Marquardt method (Moré, 1977) is used (LM optimisation). The objective function for the optimisation is
specified by a concatenated vector of ETE’s, which are formed by considering all forward and reverse pairings between
the unknown silhouette and each silhouette view in the calibrated set. This leads to4n errors (from2n pairs), wheren
is the number of silhouettes in the calibrated silhouette set.

4.2 Motion parameters

After determining the initial pose of the particle, the trajectory can be estimated by finding rigid body motion parameters
that best reproduce the particle’s motion in the HSV sequence. Each sequence is associated with an uncalibrated
silhouette set, i.e. there is an unknown view of the particle for each frame in the sequence. We define the particle state
by the vector:

Y(t) =
[
x(t)T Q(t)T P(t)T L(t)T

]
, (5)

relating to position, orientation (quaternion representation), linear momentum and angular momentum respectively.
Under the assumption of unhindered rigid body motion, if we knowY(t0) then all future states (until a collision)

can be determined. From the initial pose estimation (Section 4.1),x(t0) andQ(t0) are already known. Therefore, we
need to determine suitable values for the linear and angular momentum terms. As before, the iterative least-squares
approach (LM optimisation) is used. The parameter vector for optimisation is:

Z = [P(t0)T L(t0)T]. (6)

Next, an objective error function must be defined. With any given parameter vectorZ, we associate a set of
simulated statesβ = {Y(t0) . . .Y(tn−1)}, wheren is the number of frames in the sequence. Since the derivative of
the state vector is:

d

dt
Y(t) =

[
v(t)T

1
2
ω(t)Q(t)T F(t)T τ (t)T

]
, (7)

(with v, ω, F andτ corresponding to linear velocity, angular velocity, force and torque respectively)β can be deter-
mined using a standard ODE solver. In our implementation we have found that a 4th order Runge-Kutta solver produces
good results (Eberly, 1999).

In order to retain the ETE as the measure of silhouette consistency for the optimiser’s objective function, the set of
state vectorsβ must be converted to an equivalent set of camera projection matricesΨ = {P1 . . . Pn}. Similarly, we
defineΩ to be the set of projection matrices corresponding to the calibrated silhouette set of the particle (i.e. from the
six-camera setup). This representation may require a transformation if the simulation’s reference frame differs from
that of the camera. For simplicity, we use the conventional camera reference frame, depicted in Figure 1, for both
systems. Having identical reference frames leads to the following direct relation between a state vectorY(ti) and a
corresponding camera projection matrixPi+1:

Pi+1 =
[
K 0
0 1

] [
R(ti) x(ti)

0 1

]
, (8)

whereR(ti) is the rotation matrix corresponding toQ(ti), 0 ≤ i < n − 1 andK is the constant matrix of intrinsic
camera parameters from Equation 2. IfS = {S1 . . . Sn} is the set of silhouettes associated with the set of projection
matricesΨ, then let{S, Ψ} denote the silhouette set corresponding to the uncalibrated HSV sequence. Similarly, let
{C,Ω}, with C = {C1 . . . Cm}, be the calibrated silhouette set of the particle acquired from the six-camera setup. The
silhouette consistency across both silhouette sets can therefore be computed by pairing each silhouette from{S, Ψ}with
each silhouette in{C,Ω} and vice versa, resulting innm ETE’s. The concatenation of these errors forms the objective
function used by the LM optimisation. Final refinement of the solution can be conducted by adding inter-silhouette
pairings within{S, Ψ} itself. This enables the uncalibrated silhouette set to be optimised for internal consistency as
well as with the calibrated silhouette set.

4.3 Piecewise trajectories

Extending the above procedure so that motion across impact frames is handled transparently, we have introduced the
notion of piecewise rigid body motion. In simple interactions, sets of frames relating to unconstrained rigid body motion
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can be separated by a set of collision events. Therefore, the sequence can be described as a piecewise combination of
rigid body trajectories, which are separated by a set of discontinuous impulses. The advantage of this formulation
is that the complexities of mechanical interaction during contact can be bypassed by treating their combination as a
unified event, which results in the instantaneous change of momentum. From the point of view of the particle there
are two separate rigid body trajectories, which overlap at some time and hence share a common pose as illustrated in
Figure 3.

Figure 3:Piecewise trajectory splitting for a particle impacting a plate (left) with automatic collision frame detection
(right).

Since the contact duration is substantially less than the inter-frame time, the exact collision time does not occur at
any particular frame, but rather between frames. As we are estimating the motion of the particle so that it replicates an
imaged experiment, discrete time steps are enforced. Given a set of silhouettes as input, the angles between successive
centroids is used to automatically divide the set into piecewise rigid body trajectories. After estimating the parameters
for the first piecewise trajectory, the impact frame is automatically determined by intersecting a simulation of the first
piecewise trajectory with an approximation of the second piecewise trajectory. The approximate trajectory is formed
by fitting a second order polynomial curve to the 2D centroids of the corresponding silhouettes (shown in Figure 3).
If S1 = {S1 . . . Sα} andS2 = {Sα . . . Sn} are sets of silhouettes corresponding to the first and second piecewise
trajectories respectively, then the generalised 3D trajectory estimation method is as follows:

1. Estimate Ψ1 for S1 using the trajectory estimation method (from Sections 4.1 and 4.2).

2. Approximate collision frame α using newly estimated trajectory (Figure 3).

3. Estimate Ψ2 for S2 using projection matrix Pα from Ψ1 as the initial pose.

4. Refine global solution {S1,Ψ1}
⋃
{S2,Ψ2} for maximum silhouette consistency.

4.4 Initial parameter selection

A common issue with optimisation frameworks is their sensitivity to the initial parameters. This is especially notable
when optimising using ETE as an error measure since the epipolar tangency constraint only constrains the true object
to lie within the intersected volume of the viewing cones. It is therefore possible for the optimisation to become
trapped in local minima, which results in the camera parameters being unable to move towards the correct solution
without increasing the residual error term. This seems to occur often with more regularly shaped particles since several
possible poses can be equally consistent. One workaround is to apply multiple optimisations with different starting
points. In particular, the primary cause of locking in the initial pose estimation process is the choice of the camera’s
initial orientation. This problem can be alleviated by repeatedly sampling random orientations (quaternions) from a
normal distribution. The search can be terminated by setting a suitable threshold on the RMS value of the ETE vector
(e.g.1 pixel).

In the case of estimating the motion parameters, the equivalent problem is encountered with the initial choice of
angular momentumL(t). Here random angular momentum directions (3 × 1 vectors) are sampled from a normal
distribution and the magnitude of the vector is limited so that exceptionally large momentum values, which cause
numerical instability, are avoided.

5 Results

The results are split into several groups. First, we evaluate the primary components of the method: particle initialisation
and trajectory estimation. In the latter case, synthetic sequences generated from real particles are used. The method is
then applied to real data in the form of particle-on-plate impact tests, which are captured with a HSV camera. Since
actual ground truth is not available for the HSV experiments, we use the overall RMS ETE as a performance metric.
A low overall ETE implies that the silhouettes in a HSV sequence correspond closely with those obtained from the
3D model of the particle, simulated according to the estimated trajectory, i.e. there is a good fit between the estimated
trajectory and the physically permissable trajectory. Finally, we show comparative results for particle velocity under
different contact models.
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5.1 Particle initialisation

Since the extent to which the trajectory can be estimated for a particle is largely related to the success of the pose
estimation framework, we first show the effectiveness of the particle initialisation process (Section 4.1).

Using a sixty-view silhouette set of a known particle, a leave-one-out validation scheme is used in which each
silhouette is removed from the set in turn and its pose is estimated using our method. The estimated pose is then
compared with the silhouette’s original calibrated pose, which is deemed to serve as ground truth. Figure 4 shows the
results for three runs of six particles (using different starting points), where three particles are regular in shape and three
are of an irregular nature. This results in three pose estimates for each silhouette from a sixty-view set and ultimately

Figure 4:Orientation error distributions. Left: regular particles (66% of the estimates are accurate to within 5 degrees).
Right: irregular particles (88% of the estimates are accurate to within 5 degrees). Each bin represents 10 degrees.

540 pose estimates for regular and irregular particles alike. Errors are binned according to the angular orientation error
in degrees. From the distributions it is evident that single view poses from irregular particles are more consistently
estimated than for regular particles. The small peaks located near the 180 degree bin show cases where the antipodal
view has been found instead. This occurs because random orientations close to the antipodal view may appear similar
and therefore result in a local minimum in the ETE function. Experiments conducted with smaller silhouette sets (6-and
24-view) show that the reliability of the solution degrades gracefully with decreasing number of views.

5.2 Trajectory estimation

The second group of tests evaluates the accuracy of the trajectory estimation method. This is accomplished by ran-
domly generating non-contacting simulated trajectories of randomly selected particles and using our method to estimate
the linear and angular components of the motion. Simulations were conducted in which the sequence length, linear
momentum and angular momentum were randomly varied. In addition, particles were initialised to views from their
calibrated silhouette sets, thus particle initialisation does not contribute any error in the results. Although the silhouettes
extracted from the simulated trajectory are synthetic, the estimation uses the particle’s original calibrated silhouette set,
which corresponds to real data. Therefore, these tests provide a realistic means of assessing our method given that
the segmentation in the HSV sequence is ideal. Figure 5 summarises the results, which are based upon the linear and
angular velocity errors.

Figure 5:Linear and angular velocity estimation error for 1200 simulated trajectories. Rightmost plot shows compar-
ative linear and angular velocity errors for simulations where the sequence length is greater than 100 and the ETE is
below 1.5 pixels.

In Figure 5, the component velocity errors relative to the cameras’ reference frames are shown. In-plane velocities
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correspond tox,y values, whilez represents out-of-plane velocities. Two dominant effects can be seen: The linear
velocity estimation improves as the sequence length increases; and the angular velocity estimation improves as the
ETE decreases.

Interestingly, even though we only make use of one high-speed camera, out-of-plane linear velocity can still be
reasonably estimated when the sequence is long enough. Naturally, this will depend on the ratio between the actual
particle velocity and the frame rate of the HSV camera. In our simulations a fixed frame rate of 4000fps was used and
particle velocity varied between0 and4m/s.

While linear velocity depends on the translation of the particle in the camera, angular velocity is dependent on
the difference in orientation. Therefore, a low ETE corresponding to consistent epipolar tangents tends to result in
lower angular velocity error. Additionally, the existence of the second cluster on the right hand side of the middle plot
illustrates cases in which insufficient angular momentum starting points were used. In our simulations, a maximum of
100 starting points was used. Therefore, greater overall consistency may be achieved by only accepting solutions once
the ETE is below a specified threshold.

The previous results indicate that if the sequence is reasonably long, the particle shape is irregular and segmentation
is accurate, then in most cases the linear and angular velocities of the particle can be estimated to within 1% and 10%
respectively.

5.3 Particle-on-plate experiments

One application for our trajectory estimation method involves the validation of contact models used in DEM simulators
in relation to real world processes. Typically, this type of validation has been accomplished using analysis of sphere
impacts, since Hertzian type models are often used and accurate tracking of more complicated particle shapes is prob-
lematic. Here we show how this can be achieved for realistic particle shapes, thereby enabling a closer comparison
between the predicted motion of a particle within a simulation and a real world interaction.

HSV experiments consisting of irregular diamond particles impacting an angled steel plate are used. A particle
dropper is used to ensure that the particle is consistently dropped from a known height. This allows the pre-impact ve-
locity to be verified. Sixty-view calibrated silhouette sets of the particle are used for the registration process. Trajectory
estimation is applied and the solution is accepted when the overall ETE falls below1.5 pixels. The estimated trajectory
is then compared with DEM simulated trajectories of the same particle under two types of contact:

Impulse model: Based on the work of Mirtich (1996), this rigid body collision response model handles collisions of
non-penetrating polyhedra by applying a series of impulses to the contacting bodies. This is sometimes referred
to as the hard-sphere model, because material properties are not considered. Impulses are computed based on
Stronge’s hypothesis, which relates the normal work in the compression phase of the collision to the normal
work in the restitution phase. This guarantees that the effects of the normal forces are purely dissipative, thereby
ensuring that the addition of frictional components does not add energy to the system.

Hertz-Mindlin (no-slip) model: Building on Hertz theory, which provides solutions for the normal force-
displacement under elastic spherical contact (soft-sphere model), Cattaneo, Mindlin, Deresiewicz theory
(Mindlin and Deresiewicz, 1953) presents a solution in the case of varying oblique forces. Using several simple
loading scenarios, tangential evolution of the contact point can be determined, resulting in improved contact
modelling. In our simulations we use the simplified no-slip model as described in Di Renzo and Di Maio (2004),
which typically appears in commercial DEM packages.

Figure 6 shows comparative results of the DEM simulations corresponding to each contact model versus the HSV
registered trajectory. Particle shape is modelled by a sphere clump, which is generated using the method described

Figure 6: Linear and angular velocities for simulations of 5 particle-plate HSV experiments. Ten runs of each ex-
periment were processed in order to demonstrate repeatability. HSV asterisks correspond to velocities obtained from
our registered trajectories. Other markers correspond to velocity from simulations using Hertz-Mindlin and Mirtich
impulse contact models.
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in Price et al. (2007). For the purposes of these comparisons, we consider the generated sphere clumps to be an
adequate representation of particle shape. A more complete assessment of simulation variation due to particle shape
representation can be found in Price et al. (2007). Simulation parameters such as the Coefficient of Restitution and
impact point are extracted from the registered trajectory and optimised in order to allow the simulation to reproduce
the experiment as closely as possible. In terms of linear velocity, both models perform well. This is attributed to the
material hardness of the contacting bodies and the low impact velocities, which minimises the effects of plasticity and
justifies the use of a hard-sphere model. However, the Hertz-Mindlin model does appear to perform better in terms of
angular velocity, and demonstrates more consistency.

6 Conclusions and future work

A method for estimating the 3D trajectory of rigid particles from high-speed video (HSV) experiments using a single
camera is described. This enables quantitative feedback from real particle interactions, which can be used for process
optimisation or simulation validation. In this paper a demonstrative example corresponding to comparative analysis of
DEM contact models has been shown.

The use of the epipolar tangency error provides an appropriate framework for pose estimation because it incorpo-
rates all geometric information available from the images. Extensions such as texture analysis may aid estimation and
boost consistency, but are unlikely to significantly improve results.

Synthetic testing has shown that the following factors affect the reliability of the method: the number of calibrated
views available of particle; the amount of shape irregularity of the particle; the number of random starting points used
for estimation; and the length of the HSV sequence.

Accurate estimation of out-of-plane velocities has proved difficult because only a single HSV camera is used and
consistency depends on the extent to which silhouette scale changes with such motion. Distant cameras corresponding
to long focal lengths create near parallel viewing rays that impair the differentiation of motion along the viewing axis.
Future experimentation will explore dual camera setups.

Comparisons between our registered trajectories and identical simulations based on Hertz-Mindlin and Impulse
contact models show strong correlations. Overall, Hertz-Mindlin provides more consistent results, since it accounts for
the elastic nature and material properties of the contacting bodies.
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