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Abstract

The deaning of signals contaminated by noise is a major
concern in red world systems, where short noisy signals are
frequently encountered. In linea analysis the problem can be
dedt with by extracting sharp narrowband linea signals from
broadband noise in the Fourier domain, but this cannot be used
for nonlinear signals, since nonlinea structures can be
difficult to digtinguish from broadband noise. Under these
circumstances, it is better to attempt to differentiate between
the signal and the noise in the time domain, by assuming that
the observed signal s(t), is the sum of the desired signal s;(t)
and some other signals s(t), s(t) ... Su(t). In this paper, the
use of singular spectrum analysis and related methods to this
end is investigated. The signal s(t) is decomposed and the
constituent signals are characterized by Monte Carlo simu-
lations in which surrogate signals are generated which can
serve & a benchmark for the detection and removal of noise
from the original signd.

1. Introduction

Current interest in ronlinea signal processng is driven rot so
much via an extension of linea anaysis, but from the
recognition that new conceptsin chaos and information theory
can play a significant role in the reinterpretation of con
ventional time series analysis, e.g. by providing deterministic
explanations for broadband spedra. Chagtic signal processng
can arise anong other from harmonic distortions and inter-
modulation in amplifiers, faulty behaviour in rotating machi-
nery, electrochemicd signds in corrosion sensors, ava-
lanching in granulated systems, various contexts in speed and
audio, aswell asimage processing and communications.

Although much progress has been made with regard to
the theory and application of chaotic signal processing, major
challenges still need to be resolved as far as red world
systems are mncerned. The reason for this is two-fold. First,
most of the established methodology has been designed to ded
with long, noise-free signals only and seoond, it is often
asuumed that signals are generated by purely deterministic,
low-dimensional systems. At present it is not clear to what
extent the theory remains valid when strict determinism is
lacking.

As a monsequence, the deaning of signals contaminated
by noise is a magjor concern in red world systems. In linea
analysis the problem can be dedt with by extracting sharp
narrowband linea signals from broadband noise in the Fourier
domain. This cannot be used for nonlinear signals, since
nonlinea structures can be very difficult to dstinguish from
broadband noise. Under these drcumstances, it is better to
attempt to dfferentiate between the signal and the noise in the

time domain, by assuming that the observed signal s(t), is the
sum of the desired signal s,(t) and some other signals s(t),
S3(t) ... s(t). Therefore, a property distinguishing s,(t) from
the other signals needs to be identified, such as that s(t)
satisfies some dynamicd rule in reconstructed phese space,
different from the dynamicd rules associated with sy(t), ss(t)
.. Sn(t).

Unfortunately, these dynamicd rules are often not known
in advance, so that assumptions with regard to the signals have
to be made. This can be done by identifying the deterministic
part of the observed signal s(t) inits proper (low) embedding
dimension, so that the other (noisy) parts of the signal would
appear to be nondeterministic in this embedding, owing to
their higher dimensionalities.

Previous investigations in this areahave cnsidered two
general strategies. The first concerns the @nstruction of locd
polynomial maps using neighbourhood to neighbourhoad
information and using this to determine locd maps with some
kind of averaging of domains over state space. These averaged
dynamics are then used to redignindividual observations to a
better deterministic map [1].

The second approach is based on the use of locd or
global linea filters, such as moving averages or FIR filters, to
clean up the data [2-3]. In this strategy, no special knowledge
of the dynamics is assumed. Rather, it is assumed that a sepa-
ration in the second order gtatistics, such as the principal and
independent components of the sample will occur between the
different components of the signal. For example, it is assumed
that the noise will dominate the smaller eigenvalues and
asciated eigenvedors extracted from the lagged sample
covariance matrix, while the signal sy(t) will dominate the
numericadly larger eigenvalues and eigenvedors.

Despite these advances, much work ill needs to be
done. For example, in the latter approach, ane has to make
drastic asamptions with regard to the nature of the noise.
When these assumptions are valid, the methods work rather
well, but otherwise they may bresk down completely, such as
when the noise is asaumed to be white ard Gaussan and it is
red and Poisson distributed [4].

In this paper, an approach similar to the latter strategy
above is explored, by using the effect of singular spectrum
analysis and variants thereof on the @rrelation dimension of
the signals as a guide towards noise reduction in the signals.
The strategy differs from those proposed previously, in that
the distinction between the deterministic and stochastic
components of the signal s(t) is based on the dynamic struc-
ture of the data on various sdes. The paper is organized as
follows. The relevant theory on singular spedrum analysis is
summarized in Sedion 2, while the characterization of time
series in reconstructed state spaceis discussed in Sedion 3. In



Sections 4 and 5 two cases studies are considered and the
results and conclusions are summarized in Section 6.

2. Singular spectrum analysisand other 2nd order
statistical methods

The term singular spectrum comes from the spectral (eigen-
value) decomposition of a matrix A into its spectrum (set) of
eigenvalues. The eigenvalues A are the values that make the
matrix A-Al singular. Actualy, the term singular spectrum is
somewhat unfortunate in the context of the analysis of time
series, since the traditional eigenvalue decomposition of
matrices representing multivariate data is also an analysis of
the singular spectrum. The spectral decomposition of matrices
has only recently been applied to time series analysis and has
had its roots mostly in the application of chaostheory [5-7].

In essence, the data are embedded in a very high-
dimensional reconstruction, followed by the introduction of a
new coordinate system, where the origin is moved to the
centroid of the reconstructed system states and the axes are
represented by the dominant principal components of the
states (points).

The idea is explained by way of a smple example.
Consider a uniformly sampled univariate time serieswith n =
5 observations X = [X;, Xp, X3, Xa Xg]'. With an embedding
dimension of m = 2, there will be n-(m-1) = 4 snapshots of the
time series, i.€. y; =[xy, Xa]", Y2 = [Xz, Xd ", Y3 = [X3, X, and
Ya = [Xa Xs]". These snapshots can be arranged as row vectors,
as shown below.
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It is not necessary to use successive values of the
observations. For example, with every second observation
only two new variables would have been created, z; = [xy,
Xsl", Z» = [Xa, Xs]". The construction of the matrix X is based
on an (m,J) window, i.e. m indicates the number of time series
observations in each new snapshot and J indicates the sample
times between observed elements. In the first case, a (3,1)-
window was used, while a (3,2)-window was used in the
second case. If J =1 is used, then reference is made to an m-
window only. Matrix X is referred to as the augmented or
trajectory matrix and contains a complete record of patterns
that have occurred in awindow of sizem, i.e. X;; 0 O™
Since X.p; = Xig.y for al i > 1 and j >1, the columns of the
matrix are highly correlated. The embedding space 0 O O™ is
the space of all m-element patterns. Rather than investigating
the trajectory matrix X for repetitive patterns in the original
time series, it is more effective to consider the lagged
covariance matrix computed from the trajectory matrix X and
itstranspose, i.e. S=X'X.

For time series with very peculiar patterns, such as series
consisting of short sharp spikes, delay embedding may lead to
very inhomogeneous sets of points in the reconstructed state
space, that may be difficult to analyze. Under these circum-
stances, embedding can be based on the pattern features of the
time series, e.g. thetime intervals between spikes.

More formally, basic singular spectrum analysis can be
seen as a four-step process, as indicated in Figure 1 [8,9]. In
the first step (embedding), the one-dimensional time series is
recast as an L-dimensional time series (trgjectory matrix). In
the second step (singular value decomposition), the trajectory
matrix is decomposed into a sum of bi-orthogonal matrices of
rank one. These two steps constitute the decomposition stage
of singular spectrum analysis.
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Figure 1: Decomposition and reconstruction of a time series
by use of singular spectrum analysis.

The third step concerns splitting of the matrices
computed in step 2 into several groups. The trajectory matrix
is thus represented as the sum of several resultant matrices. In
the final step, a time series is reconstructed for each resultant
matrix by means of diagona averaging [8]. The original time
series is thus decomposed into a series of additive
components, which can be characterized by use of surrogate
data analysis, the theory of which is summarized below.

3. Surrogate data analysis

The method of surrogate data [10-13] involves a null hypo-
thesis against which the data are tested, as well as a discrimi-
nating statistic. The data are first assumed to belong to a spe-
cific class of dynamic processes. Surrogate data are subse-
quently generated from this process and various statistics are
calculated from both the surrogate and the original data [10].
If the calculated stetitics of the surrogate and the original data
are different, then the null hypothesis that the process that has
generated the original data is of the same class as the system
that has generated the surrogate data is rejected.

More specificaly, let x O O" be a time series consisting
of n observations, ¢ a specific hypothesis, O, the set of
process systems consistent with the hypothesis, and T: ON -
U be a statigtic that will be used to evaluate the hypothesis
that x was generated by some process O O [,. Generdly the
statistic U 0 O, and it will be possible to discriminate between
the original datax and the surrogate data xs consistent with the
hypothesis given by the probability density of T, given [, i. e.
pro(t).

3.1. Pivotal test statistics

Theiler [14] has suggested that a digtinction can be made
between so-caled pivotal and non-pivotal statistics. A test



stetistic T is considered to be pivotal, if the probability distri-
bution pr - is the same for al processes O consistent with the
hypothesis . Moreover, a digtinction can be made between
simple axd composite hypotheses. If the set of all processes
consistert with the hypothesis (0y) is a singleton, then the
hypaothesis is smple. Otherwise, the hypothesis is compaosite
and can be used not only to generate surrogate data consistent
with a particular process [J, but also to estimate OO0y, Infact,
O has to be spedfied when the hypathesis is composite, unless
T is a pivotal statigtic [14], meaning that pr is the same for
al 0og,,.

Constrained redization [15] schemes can be employed
when non-pivotal statistics are gplied to composite
hypotheses. That is, apart from generating surrogate data that
represent typicd redizaions of a model of the system, the
surrogate data should also be representative of a process
yielding identica estimates of the parameters of the process
compared to the estimates of the process parameters obtained
from the original data. Put in a different way, if Oeg O Oy is
the process estimated from the origina data x, and X, is a
surrogate data set generated by ' O Oy, then X is a
constrained redization of ey 0 T'.

As an example, if Y isthe hypothesis that x is generated
by linealy filtered independent identicaly distributed noise,
then non-constrained surrogate data x; can be generated from
a Monte Carlo simulation based on the best linear model eti-
mated from Xx. The datax, can be cnstrained by shuffling the
phases of the Fourier transform of the data, producing a set of
random data x;° with the same power spectra (and auto-
correlation) as the original data x. The aitocorreation, rank
order gatistics, nonlinea prediction error, etc., woud al be
non-pivotal test statigics characterizing dynamic manifold
structures, since the distributions of these statistics would all
depend on the form of the noise source ad the type of linea
filter. In contrast, the L yapunov exponents and the correlation
dimension (fractal dimension) would be pivotal test satistics,
since the probability distributions of theses quantities would
be the same for all processes, regardless of the source of the
noise or the estimated model. Sincerecet investigations have
shown that Lyapunov exponents can be misleading in the
presence of noise, the crrelation dimension has gained favour
as the pivotal statistic of choice.

3.2. Classesof hypotheses

Three dasses of hypotheses are used widely, viz. those equi-
valent to the assumption that the data ae identicdly, indepen-
dently distributed noise (0), linealy filtered noise (1) and a
monotonic nonlinea transformation of linealy filtered noise
(2), generated by randomizing the data (0), randomizing or
shuffling the phases of the Fourier transform of the data (1)
and randomizing the phases of amplitude aljusted Gaussan
noise (2).

In the latter case (hypotheses of class 2), the procedure
for generating surrogate data consists of the following steps

i. Generation of an identicad independently distributed
Gaussan data set y, and reordering of y to have the
same rark distribution as x.

ii. Generation of a surrogate data set y; of y (by
shuffling of the phases of the Fourier transform of the
data set y)

iii.  Finaly, reordering of the original data set X, to gene-
rate asurrogate data set X, which has the same rank
distribution as y..

Surrogates generated by these procedures are referred to
as algorithm 0, algorithm 1 and agorithm 2 surrogates, while
agorithm 2 surrogates are dso known as amplitude ajusted
Fourier transform (AAFT) surrogates [16].

In order to assess the nature of the data, the surrogates
and the original time series are displayed in bivariate plots of
the correlation dimension of the data sets against the scale. No
rigorous datisticd tests are & yet available to discriminate
between the original and the surrogate data sets and evaluation
takes place by means of inspedion. These cdculations are
outlined below by means of asimple example.

4. Noise reduction in alinear Gaussan process

In the 1% case study, a simple linea signal is considered in
order to demonstrate the methoddogy. The signal is generated
by the functiony = sin(B) + sin(6/2) + ¢, with © 0 [0, 207 and
€ O N(O, 0.25) representing Gaussian noise with zero mean
and standard deviation of 0.25 added to the curve.

Figure 2: Noisy signal (top) and reconstructed signal (bottom)
with reduced noise.

Figure 3: Reconstructed attractors of the respective systems
shown in Figure 1, i.e. original signal at the top and
reconstructed signal at the bottom.



Figure 4: Surrogate data of the respective systems iown in
Figure 1, i.e. the original signal at the top and the same signal
after smoathing at the bottom.

The original signal and the smoothed signal reconstructed
from the first two principal components extracted from the
lagged covariance matrix of the signal are shownin Figure 2.
The reconstructed attractors of the respective signals are
shown in Figure 3, while the corresponding correlation
dimension curves vs scde ae shown in Figure 4. The arves
in Figure 4 show the stochastic nature of the original signal,
i.e. the crrelation dimension curve of the origina signal
(solid line) lies very close to the correlation dimension curves
of the surrogate signals (broken lines). Smocthing via
decomposition and reconstruction of the signal yield a lower
correlation dimension, which dffer markedly from the asso-
ciated surrogete signals, espedally at smaller scae values.

5. Autocatalysisin a continuous stirred tank reactor

The second case study concerns an autocatalytic process in a
continuous girred tank reactor originally considered by Gray
and Scott [17] and subsequently investigated by Lynch [18].
The system is capable of producing self-sustained oscillations
based on cubic autocatalysis with catalyst decay and proceeds
mechanisticdly asfollows.

A+ 2B - 3B, -1y = eGiCg?
B - C, Ic= kZCB (2)
D+2B - 3B, -Ip = kSCDCBz

where A, B, C and D are the participating chemicd spedesand
ki, k, and ks the rate constants for the chemicd reactions. This
process is represented by the following set of ordinary
differential equations.

dX/dt =1-X —axZ?

dY/dt =1 -Y—bYZ? 3)
dz/dt = 1 — (1+c)Z + daXz? + thYZ2

where X, Y, and Z denote the dimensionless concentrations of
spedes A, B and D, while a, b and ¢ denote the Damkdhler
numbers for A, B and D respectively. The ratio of feed concen-
tration of A to that of B is denoted by d and the same ratio of
D to B by f. The process is chactic, with a well-defined
attractor for spedfic ranges of thetwo parameters, d and e. For
the settings a = 1800Q b = 400; ¢ = 80; d = 1.5; f = 4.2, and
initial conditions [0, 0, 0], the set of equations was lved by
using a 5" order Rurge Kutta numericd method over 100
simulated seconds. This gave goproximately 10 000 dyserva-
tions, which were resampled with a constant sampling period
of 0.0L s The Y state was taken as the output variable. Figure
5 shows the dtractor of the process reconstructed from the
process states X, Y and Z. Gaussan roise N(0, o) was added to
these observations, with the standard deviation equal to 10%
of the average of each signal.
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Figure 5: The atractor of the artocatalytic system without
noise.

The noisy data could be reconstructed from the principal
components of the 10-column lagged covariance matrix of the
observations. The variance plained by ead of thefirst six of
these ten principal components is $own in Table 1. The
cumulative variance eplained by the first six principal
components was 99.60%.

Table 1: Principa component andlysis of the based on the
lagged covariance matrix of the noisy autocaalytic data

PC 1 |2 [3 |4 [5 |6
Va(%) | 663 | 310 | 2.2 | 0.46 | 0.15 | 0.11

The rrelaion dimension curves and asociated
amplitude adjusted surrogate data ae shown in Figures 6 and
7. Note that the correlation dimension curves for the
reconstructed signal components based on the first and second
principal components are more or less identicd. Successve
signal components reaonstructed from higher index principal
components sow increasingly higher correlation dimensions.

The 6" signdl component appeas to be atirely
stochastic, which means that the signal can be reconstructed
from the first 5 principal components, while the noise resides
in all subsequent components. Note that classic criteriawould
have underestimated the number of principal components to
be retained.
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Figure 6: From top to bottom: Correlation dimension curves,
(a) for recorstructed X-state of the noisy autocatalytic system
(solid line) based on 1%, 2™ and 3" principal components and
their associated Type 2 surrogates (broken lines).
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Figure 7: From top to bottom: Correlation dimension curves,
(a) for reconstructed X-state of the noisy autocatalytic system
(solid line) based on 4™, 5™ and 6™ principal components and
their associated Type 2 surrogates (broken lines).



The Kaizer criterion (eigenvalues larger than unity for
scded data) would have suggested two only, while
interpretation of a scree diagram woud have suggested the
retention of three principal components.

6. Summary and conclusions

This paper has considers the use of second order statistics and
surrogate data analysis to reduce noise in observed signdls,
which may or may not be chaotic. By means of Monte Carlo
simulations (surrogate data), the reconstructed components of
the signd can be assessed systematicdly, which alows for
efficient removal of noise in ronlinea systems. The approach
is gereral, but its reliability depends on the reliability of the
surrogate data that are used to test hypotheses regarding the
different signal components. Although principal component
(singuar spedrum) analysis was used to decompose the
signds, other methods such as independent component
analysis can also be used, when the observations have a non-
Gausgan distribution.

Although aher experiments not discussed here have
indicated that the gproach outlined above is better suited to
deding with nonlinea chactic data than other methods, it has
cetaindrawbacks. The first is the high computational cost and
the second concerns the surrogate data analyses.

Surrogate data methods are not infallible and can yield
more false rejections of the null hypothesis when the data are
strongly correlated [17]. Moreover, while it is true that Gaus-
sian linea processes are fully spedfied by either the arto-
correlation function or the power spectrum, only an estimate
of the spedra is used with the analysis. This can give rise to
additional high frequency elements in the spectrum. Another
problem is that nonstationarity of the time series can aso
cause false positives. For example, spikes or changes in the
process over time means the nul hypothesis will be rejeded.
This can lead to a large dass of formally correct rejections,
which are interpreted in the wrong way [17].

Despite these disadvantages, the use of surrogate data
analysis provides a more sophisticated basis for dealing with
noisy signals, as well as the assessment of other constituent
structures in the signals and future work will be cnducted
towards a broader classfication of the signal components.
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